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What is VLBI? - A quick start guide. Very Long Baseline Interferometry (VLBI)

is an observing technique which has applications in geodesy, astrometry and

astronomy. Observing instruments are radio telescopes which receive electro-

magnetic radiation emitted by compact objects in space either far distant such

as quasars or nowadays also closer to Earth such as spacecraft and satellites.

Since these objects emit radiation in the radio frequency domain, they are called

radio sources, either natural or artificial. The natural ones are effectively in-

finitely far away from Earth (a few billion light years) and their radiation arrives

on Earth as a plane wavefront.

The defining feature of VLBI is that pairs radio telescopes operate together

with observations having to be carried out strictly simultaneously. This also

applies if multiple telescopes are employed. Geodetic VLBI aims at determining

(a) telescope coordinates and their kinematic movements for establishing and

maintaining terrestrial reference frames, (b) the (angular) parameters of the

Earth’s variable rotation, (c) the angular positions of galactic and extra-galactic

radio sources establishing and maintaining celestial reference frames, and (d)

the positions of artificial transmitters in space near the Earth. The field related

to (c) is called astrometry. Besides geodesy and astrometry, VLBI is also a major

contributor to the field of radio astronomy; in fact the origin of the early VLBI

inventions lies in astronomical applications.

Geodetic and astrometric VLBI makes use of the fact that every two tele-

scopes observing the same object should receive the same radiation pattern

because it originates from a single source. Similar to Michelson’s interferom-

etry experiment, the two patterns show interferometry patterns, called fringes

(oscillations of dark and bright), when the signals are superimposed while the

Earth rotates. Of course, this can only be done when the analog signals are

digitized and stored on some recording medium and subsequently transported

to a central location either on magnetic disks or over the Internet. There, in

a process called correlation, the radiation patterns are shifted relative to each

other in time to find a correlation maximum which indicates that identity is

found. This alone would be futile. However, when recorded in the control

rooms of the two radio telescopes, the radiation patterns are marked with ac-

curate local time stamps. For the correlation maximum, the difference of these

time stamps yields the difference in arrival times of the radiation pattern at

the two telescopes which is the time delay, the primary observable of geodetic

and astrometric VLBI. Due to the Earth’s rotation and the constantly changing

geometry of the radio source and the two telescopes, the delay is constantly

changing and, thus, needs an accurate time reference.

Carrying out a series of up to one-minute-long simultaneous observations

of 50 - 100 radio sources by a network of several telescopes in the course of
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several hours (mostly 1 h or 24 h) provides the framework of a single VLBI

measurement often called an observing session. Within these sessions, the pro-

cess, when multiple telescopes track the same source, is called a scan, while

every two telescopes forming a baseline produce a single observation. Since

the radio telescopes, which often are several thousand kilometers apart, oper-

ate independently and sometimes even automatically, a detailed plan of the ob-

servation sequence, the observing schedule, has to be devised and distributed

beforehand. Great care is exerted in preparing these schedules because the

variations in the observation geometry through observing different regions of

the sky are optimized for the best results.

After correlation and a process called fringe fitting where the final delay ob-

servations are determined, geodetic data analysis with adjustment programs is

carried out. Here, the geodetic and astrometric parameters of interest (tele-

scope coordinates, Earth orientation parameters, and radio source positions)

are computed from a large number of observations. For this purpose, all known

geophysical effects acting on the telescopes and on the radiation on their way

to Earth are modelled as accurately as possible. The functional model of geode-

tic and astrometric VLBI makes use of the fact that extra-galactic radio sources

are almost infinitely far away so that their radiation arrives on Earth as a plane

wave front. This facilitates many necessary computations and assumptions.

Obtaining radio telescope coordinates at the current accuracy level of within

a few millimeters has been made possible only by ongoing, decades-long re-

search toward improvements of VLBI technology.

Abstract. This document describes in detail the theory and the individual oper-

ational steps and components needed to carry out geodetic and astrometric Very

Long Baseline Interferometry (VLBI) measurements. Pairs of radio telescopes

are employed to observe far distant compact radio galaxies for the determi-

nation of the differences of the arrival times at the telescopes. From multiple

observations of time delays of different radio sources, geodetic parameters of

interest such as telescope coordinates, Earth orientation parameters, and radio

source positions are inferred. The VLBI operation’s scheme generally consists

of scheduling, observing session, correlation, and data analysis. Particular em-

phasis is given to a didactic description of technical elements and reasons why

they are employed.
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1 INTRODUCTION

1. Introduction

Geodetic and astrometric Very Long Baseline Interferometry (VLBI) belongs to the group of

geometric space-geodetic techniques which are used to monitor the kinematics of individual

points on Earth and of the Earth as a body in space. Space geodesy has its name from the

fact that observing instruments and/or their targets float in space. Primary results of space-

geodetic observations are precise global reference systems realized by reference frames and

parameters to describe the variable rotation of the Earth in space through so-called Earth

Orientation Parameters (EOP).

To a great part, the explanations below are of course dealing with interferometry, correla-

tion and the deduction of the geodetic and astrometric observables, which are interferom-

eter phase, delay, and delay rate. However, to understand the coherence of the observables

with the geodetic and astrometric parameters of interest, we also have to look at the frame-

work in which the observables are deduced. To start on Earth, we have to deal with the

radio telescopes forming the observing network and their coordinates. The observing net-

work of the International VLBI Service for Geodesy and Astrometry (IVS) (Sec. 12) consists

of approximately 40 active VLBI radio telescopes which are located on the surface of the

Earth, however not distributed homogeneously as one can see in Fig. 1.1. As with other

space geodetic techniques, the coordinates of these and all radio telescopes active in the

past are referred to a conventional Cartesian terrestrial reference frame with its origin at

the geocenter and the x, y, and z axes defined as a right handed system. From the origin,

the x axis points at the intersection of the zero meridian and the equator, the z axis in the

direction of the Earth’s rotation axis, and the y axis is orthogonal to both of them. Due to

the fact that continental drift and tectonic deformations produce movements of the litho-

sphere of several millimeters per year, the telescope positions have to be attributed with a

reference date and respective velocity components vx , vy , and vz in mm/year. In its entirety,

the telescopes with their coordinates form a terrestrial reference frame (Sec. 11.1.1).

In the sky, we deal with compact extra-galactic radio nuclei such as quasi-stellar objects

(quasars) and other galaxies emitting electromagnetic radiation in the radio frequency do-

main, thus radio sources. The majority of these objects are quasars and for this reason, we

will generalize the naming of the natural radio sources sometimes only as quasars. These

sources are observed, or more specifically tracked, with radio telescopes meaning that their

radiation is received with the observing equipment to infer geodetic delay and phase ob-

servations in later processing steps. For their vast distance, most of the observed objects

appear quasi-point-like and do not exhibit any proper motions on decadal time scales. Ra-

dio sources have angular positions in the sky in right ascension and declination (Sec. 4)

and selections of the sources form celestial reference frames (Sec. 11.1.2).

The two frames, the terrestrial and the celestial, are linked through the Earth orientation

parameters, which are time dependent angles describing the instantaneous orientation of

the Earth in space. This is described in detail in analysis section 11.2. In addition to these

1
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Figure 1.1: Global network of radio telescopes for geodetic and astrometric observations,
see https://ivscc.gsfc.nasa.gov/stations/ns-map.html

geometric frames, we also have to look at a few realizations of time frames where differ-

ences mainly originate from relativistic transformations (Sec. 11.4).

The technique of VLBI was invented by astronomers with its first development steps in

the mid 1960s for synthesizing a telescope aperture of several thousand kilometers improv-

ing the angular resolution by orders of magnitude for imaging extra-galactic objects (e.g.,

Matveenko et al., 1965, Broten et al., 1967, Moran et al., 1967, Bare et al., 1967). The first

applications to geodesy and astrometry followed a few years later (e.g., Cohen and Shaf-

fer, 1971, Hinteregger et al., 1972, Shapiro et al., 1974). Astrometry is an indispensable

sub-discipline of both astronomy and geodesy dealing with the positions of astronomical

objects.

The basic concept of geodetic and astrometric VLBI uses pairs of radio telescopes as

far apart as an Earth diameter to simultaneously observe the signals of compact extra-

galactic objects which emit radiation in the radio frequency regime. From the differences

in the arrival times of identical radiation patterns, geodetic parameters such as telescope

coordinates, positions of the celestial objects and Earth Orientation Parameters are inferred

for various scientific and practical applications.

Due to the large distance, the emission of the radio sources arrives on Earth as plain

wavefronts with different arrival times at the two radio telescopes forming a baseline (Fig.

1.2). The difference in arrival times is the delay τ which is one of the observables of

geodetic and astrometric VLBI.

To determine the delays, in a first step the incoming wavefronts at each telescope are

2

https://ivscc.gsfc.nasa.gov/stations/ns-map.html


1 INTRODUCTION

τ
.

c

b

Station

k

Correlator

Unit
Recording 

Unit

Formatter
Sampler

Amplifier
RF

Recording 

Formatter
Sampler

Clock

RF

Clock

k

Mixer

Local

Frequency
Standard

Station

Mixer

Amplifier
Oscillator

Local

Standard
Frequency

Oscillator

(1)(2)

Figure 1.2: VLBI constellation with electronics components

digitized, time tagged, and recorded on some appropriate medium such as magnetic disks.

After transportation to a correlator facility, the second step consists of a cross correlation

and fringe fitting process for each individual observation to produce the observables. From

a multitude of delay observables in different baseline - source geometries, the parameters

of interest can be inferred in data analysis computations. With the extremely high accuracy

and reliability of these parameters, VLBI contributes to two of the three pillars of geodesy,

namely geometry and Earth rotation.

For completeness, it should also be mentioned that tracking of solar system spacecraft

with VLBI has widely been used by space agencies for a few decades already. In recent years

geodetic VLBI has also be performed employing man-made signal sources on artificial Earth

satellites as well as on the moon. Here, the aim is to improve the orbits of these satellites

by providing additional types of observations.

Since the recorded bandwidth is a key driver of the precision of VLBI observables as

described below, it has always been the primary development challenge to increase the

recorded bandwidth to a technical feasible and economically acceptable level. For this

reason, high precision geodetic and astrometric VLBI started in 1979 with the first observing

sessions of the then newly developed Mark-3 system (Clark et al., 1985). With a much wider

3
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bandwidth than before, precision of centimeters or even a few millimeters were reached

on baselines of several thousand kilometers.

The technique has been engineered ever further since then, making use of growing capa-

bilities of modern electronics, other hardware components, and analysis software including

geophysical models. Efforts to exploit VLBI in a structured manner led to the foundation

of the International VLBI Service for Geodesy and Astrometry (IVS) in 1999 (Nothnagel

et al., 2017). Today, the IVS coordinates the majority of geodetic and astrometric develop-

ments and observations resulting in a manifold of synergies. The active network of the IVS

and associated partners such as the Long Baseline Observatory (LBO, https://www.lbo.us),

earlier known as Very Long Baseline Array (VLBA), consists of about 40 radio telescopes

with about ten more under construction (Fig. 1.1). The tasks and structure of the IVS are

described in Sec. 12.

About five years after founding the IVS, its Working Group #31 developed the concept for

an entirely new technical realization of the geodetic and astrometric VLBI hardware and

the respective adaptation of the software necessary for the new components. Under the

accronym VLBI2010, the "Current and Future Requirements for Geodetic VLBI Systems"

were formulated. The resulting document (https://ivscc.gsfc.nasa.gov/about/wg/wg3/

IVS_WG3_report_050916.pdf) called for more agile telescopes to be able to sample the

atmosphere much better than with so far existing antennas. The realization of the ideas was

later called the VLBI Global Observing System (VGOS, see Sec. 6). Beyond faster slewing

radio telescopes, the system differs from its predecessor, the S and X dual band system

(also called legacy system), by a much broader bandwidth of multiple GHz. Therefore, it

is sometimes also called the broadband system.

In this document, most information originates from initial considerations and theory

of the VLBI concept which is applicable to both, the legacy and the broadband system.

Only where necessary, a distinction is made between the two generations. In addition, I

should apologize for not addressing other hard- and software realizations of the past and

present such as the K line of systems of the Japanese National Institute of Information

and Communications Technology (NICT) and its predecessors (Takahashi et al., 2000), the

Canadian S2 System (Petrachenko et al., 2000), or the Russian developments (Matveenko,

2007; Matveenko et al., 1965; Shuygina et al., 2019).

1https://ivscc.gsfc.nasa.gov/technology/vgos-general.html
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2 BASIC VLBI THEORY

2. Basic VLBI theory

2.1. Interferometry

Quasars and other compact extra-galactic radio sources are the primary objects observed

in VLBI. Originating from physical processes within these objects they emit pure random

noise with mostly a rather flat amplitude spectrum in the frequency bands observable on

Earth. Although the radiation is random noise, this is also called the signal of the radio

source.

Applying the concept of interferometry as first devised by Michelson (1881) and Michel-

son (1890), the radiation received by the two telescopes is considered as two noise patterns

originating from the same (point) source. They arrive on Earth with a variable phase dif-

ference due to the rotation of the Earth. The phase difference, the so-called interferometer

phase is another primary observable of the VLBI technique besides the time delay. While

the Earth rotates, this phase difference rotates through many cycles depending on baseline

length and orientation as well as on the wavelength of the observing frequency. The deter-

mination of this phase needs some integration time applying the concepts of interferometry.

Assuming sufficient coherence for auto-correlation, the interferometer phase is deter-

mined in the correlation and the subsequent fringe fitting process to search for the inter-

ferometer phase at a certain epoch (see Sec. 10). In a rough concept of the correlation

process, the digitized signal streams of the two telescopes are cross-multiplied at various

trial delays for finding a correlation maximum and the respective interferometer phase.

Cycling through the phases can also be interpreted as the dark-bright variations as seen

by Michelson in the optical domain initially. These variations are called fringes and this is

the reason why in the VLBI communities we speak of "searching for fringes" if we perform

the correlation and the subsequent fringe fitting process (Sec. 10). Virtually speaking, here,

the correlation coefficient reaches a maximum if all parameters of the observation geometry

are set exactly as during the data recording. However, the actual process works a little bit

differently. The correlation process provides a single pair of amplitude and phase (called

fringe visibility or just visibility) for each block of data (accumulation period) and each

Fourier frequency (see Sec. 10). Over all accumulation periods and all Fourier frequencies,

this virtually produces a range of mountains where we try to find the highest peak through

a fitting process, thus, the expression fringe fitting.

Looking at geodetic VLBI from a different perspective, we start with knowing that com-

pact extra-galactic objects are found as far away as the frontiers of the universe at quasi-

infinite distances. For this reason, the emission of these radio sources arrives on Earth as

plain wavefronts and causes different arrival times at the two radio telescopes forming a

baseline (Fig. 1.2).

The difference in arrival times can be expressed as a phase delay τph (Sec. 2.2). Its time

derivative is the phase delay rate τ̇ph (Sec. 2.3). Quasars and other compact radio sources
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do not emit just monochromatic radiation but a broad spectrum of frequencies. If the

delay is determined from a spectrum of superimposed frequencies, we speak of the group

delay τgr which is a time delay (Sec. 2.4). These three quantities are the fundamental

observables of geodetic and astrometric VLBI.

2.2. Phase delay

The initial quantities, which are related to the output of interferometry, are the time depen-

dent phases of the cross-power spectra across the visibility frequencies (Sec. 2.1). From

these a single phase with respect to a reference frequency at a reference epoch is extracted

(Sec. 10.6. This quantity reflects what in general terms is called the interferometer phase.

At this stage, it should be sufficient to explain a few peculiarities of the phase observable.

If quasars would emit just a single monochromatic wave at a certain frequency, we can

imagine that the c ·τ vector pointing towards telescope (2) in Fig. 1.2 is superimposed with

a continuous sine wave having a wavelength λ= c/ν (c = speed of light, ν = frequency of

the wave). The angular frequency ω in radian [-] relates to the observing frequency ν in

Hertz [Hz] by

ω= 2πν=
2π
T

(2.1)

where T is time elapsed.

Since this sinusoid of the phase is in fact a difference, the phase angle at the fictitious

emission point (where the square angle is in the graph) is zero. Then the phase determined

at telescope (2) is a phase angle with 2π ambiguities. Although the ambiguities can be as

large as 107, the phase observations are still of value, in particular for short local baselines

and in general in astronomical applications such as source mapping.

Phase observations come along as total phase in radian or phase delays in seconds (Sec.

10.6). Both quantities map the total length of the c ·τ vector because the respective a priori

quantity is added at fringe fitting output.

Another way to consider the phase and delay relationship with ν0 being the reference

frequency is that

φ0 = 2πν0 ·τ (2.2)

From this, it follows that

τph =
φ0

2πν0
=
φ0

ω0
(2.3)

The most important fact, why phase delays and total phases are of interest to geodetic

and astrometric VLBI analyses, is that the formal error of the phase observations is a factor

of about 30 better than that of legacy X band group delay observations (Eq. 3.6 in Sec.

3). However, for baselines longer than a few tens of kilometers, the ionosphere enters the

game and phase ambiguity resolution becomes a critical issue.
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frequency ν

phase φ

φ

ν

τgr

o

o

Figure 2.1: Phase versus frequency according to Petrov (1999)

2.3. Phase delay rate

The phase delay rate is defined as the slope of the phase φ at a reference frequency ν0 (or

angular frequency ω0) with respect to time t:

τ̇ph =
1
ω0

dφ(ω)
d t

=
1

2πν0

dφ(ν)
d t

(2.4)

The phase delay rate is unitless but mostly expressed in seconds per second (s/s). This is

the quantity which is reported in the fringe fitting output and used in the geodetic analyses.

For this reason, the index ph will be omitted later on in this tutorial. The need for and the

benefits of the phase delay rate are also an immediate consequence of the fact that the

phases of the cross-power spectrum are fundamental to correlation and fringe fitting.

In contrast to the definition in Eq. 2.4, we could also make use of the group delay rate

τ̇gr which is the derivative of the group delay τgr (Sec. 2.4) with respect to time:

τ̇gr =
dτ
d t

. (2.5)

However, this would require the determination of the group delay at more than one epoch

within an observation and would not generate any benefit with respect to the phase delay

rate.

2.4. Group delay

The group delay τgr is by far the most important observable in analyses of geodetic and as-

trometric VLBI observing sessions and is, thus, just designated τ throughout this document

unless marked otherwise. Since there is only one delay rate, this is generally just called the

delay rate τ̇.

In the context of bandwidth synthesis, other expressions for the group delay exist which

specify its derivation such as single-band delay or multi-band delay. The details are de-

scribed in Sec. 3.
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The group delay is defined as the slope

τ=
dφ(ω)

dω
=

1
2π

dφ(ν)
dν

(2.6)

with φ being the phase, ω being the angular frequency, and ν being discrete observing

frequencies (Fig. 2.1).

For its importance, the group delay deserves a closer look because it comes along in

different geometric constellations. Turning to the observations, we can derive the delay τ

as a difference in arrival times T (1) and T (2) at the two telescopes (1) and (2). The principal

connection between the time delay τ, the baseline b and the unit vector in source direction

k is

τ= T (2) − T (1) = −
1
c

b · k (2.7)

with c being the speed of light. This is a simplification and needs some further specifications

to be usable in a proper way in later data analyses. The first one is that, of course, the Earth

is rotating and that the wavefront arriving from the quasar travels with finite velocity. This

leads to the fact, that if the wave front arrives at telescope (1) (Fig. 1.2) at time T (1) and

continues travelling to telescope (2), the latter has moved from its position at T (1). At

the same time, the Earth has moved on its orbit around the Sun causing another effect

of displacement. The first effect is the so-called daily aberration, the second is annual

aberration. Sometimes these two effects are also called retarded baseline effect. For these

reasons, the arrival time T (2) at telescope (2) refers to an entirely different geometry and

Eq. 2.7 will never represent the complete situation.

The second issue with the delay (and of course the other observables as well), which is

a consequence of the moving Earth, is the need for a reference epoch at which the delay is

valid. In a station-based concept, the reference epoch is that when the (imaginary) wave-

front passes telescope (1). However, as we will see later, VLBI needs some finite integration

time and the Earth of course rotates during that time. The reference epoch has, thus, to

be defined within this integration time. In a triangle or in a network of telescopes, there

may then be multiple natural reference epochs depending where the signals have arrived

when. However, in the fringe fitting process, there may be a logic which forces the refer-

ence epochs of all observations of an entire network observing the same radio source, a

so-called scan, having identical reference epochs for all observables.

This station-based delay, or baseline delay, as well as the respective delay rate and phase

delay, are the natural observables in most geodetic and astrometric data analysis programs.

In these software packages, the aberration effects are applied to compensate for the aber-

ration distortions (see Eq. 11.45).

In contrast to the station-based reference epoch, there is a natural reference epoch, which

is unique for all baselines of a network, and this is the epoch when the wavefront passes

the geocenter. Initially, the geocenter delay is a delay for a single telescope with respect

8
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to an imaginary telescope at the geocenter (GC), τ(1)−GC(tGC) (Fig. 2.2). In fact, this can

be considered as a baseline between the geocenter and the radio telescope, e.g., GC-(1).

For the purpose of getting a priori observables, this computation, including the aberration

corrections, can easily be done for all other telescopes in the triangle or network as well

and thus provides initial geocenter delays for all telescopes at the same reference epoch.

The actual geocenter baseline delays can then be formed by computing

τi− j(tGC) = τi−GC(tGC)−τ j−GC(tGC) (2.8)

which can also be represented graphically (Fig. 2.3). While the initial delays (τi−GC(tGC))

are always positive for obvious reasons, the difference in Eq. 2.8 depends on the order of

the stations.

2.5. Triangle delay closures

For various purposes, the forming of triangles of group or phase delay observables helps to

monitor certain characteristics of VLBI observing sessions and possibly identify errors. In

general, it can be stated that triangle delays should close to zero except for source structure

effects which are source and baseline dependent. In addition, systematics through the loss

of channels may also lead to mis-closures. Since these are purely baseline dependent, they

may be detectable at the level 2 data analysis stage through so-called baseline-dependent

clock offsets (BCOs). All other effects are telescope dependent and cancel if the direction

of forming the triangle and adding the delays is performed correctly. When assessing the

statistics of triangle closures, it is important that for all triangles formed the same direction

of rotation is maintained at all times, i.e., either always clock-wise or always anti-clock-

wise. Otherwise the distribution function of the closure delays is corrupted.

For the following considerations, we have to distinguish between the geocenter delays

and baseline delays. This differentiation primarily refers to the reference epoch of the

observables.

2.5.1. Geocenter delay

The invention of the geocenter delay originates from the necessity of computing a priori

delays for the correlation process. It is quite obvious that this process requires only n+ 1

delay computations, i.e., for n telescopes plus for the geocenter, and the necessary differ-

encing for the baselines (Eq. 2.8). This is much less computational effort than computing

an a priori delay for each baseline, which increases the computational load approximately

with the square of the number of telescopes (n · (n− 1)/2). In addition, it should be em-

phasized that the delays are automatically referred to the same epoch (tGC) while in the

case of the baseline delay (see Sec. 2.4) a different reference epoch might exist for each

baseline. The identical reference epoch brings with it the advantage that the closures can
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be formed directly:

τgc(close) = τ(1)(2)(tGC) +τ(2)(3)(tGC) +τ(3)(1)(tGC) (2.9)

As long as the reference epoch is kept identical, the relationship

τ(1)(3)(tGC) = −τ(3)(1)(tGC) (2.10)

remains intact and closures can be computed simply from the delay values reported in any

order of the telescopes just observing the indexing and the direction of the initial baseline

vectors. τgc(close) should be zero but mostly is not because of the baseline dependent

source structure effects or unsymmetric channel losses.

(2)

(1)

GC

(t     )

(2)−GC GC(t     )

(t     )
GC

GC

(3)

(1)−GC
τ

(3)−GC
τ

τ

Figure 2.2: Individual geocenter delays τ(i)−GC at time of arrival of the wave front at the
geocenter (tGC).

2.5.2. Baseline delay

Correctly, the baseline delay should be called station-based baseline delay because the

epoch of the delay is referred to the time when the wave front passes one of the telescopes.

In the example in Fig. 2.4, the wave front arrives at telescope (1) before reaching telescope

(2) at t(2) forming the delay τ(1)(2)(t(1)). The same applies to the other two delays in the

triangle.

The baseline delay is the delay which is the input for any level-two data analysis for
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(2)

GC

τ
(3)−GC

τ
GC

τ (t     )
GC

(2)(3)
(t     )

(t     )GC

(3)

(2)−GC

Figure 2.3: Forming of a baseline geocenter delay (red line) as the difference of the two
telescope geocenter delays (blue and magenta lines).

estimating geodetic parameters. However, as stated above the primary output of modern

software correlators, such as DiFX, are geocenter delays. For this reason, in an intermediate

step, the geocenter delays τgc
(1)−(2) are converted to baseline delays τbl

(1)−(2) (Corey, 2000)

using the formula

τbl
(1)(2) = τ

gc
(1)(2) − τ̇

gc
(1)(2) ·τ

′
(1)(1− τ̇

′
(1)(tgc)) +

1
2
τ̈

gc
(1)(2) ·τ

′2
(1)(tgc) (2.11)

which follows a Tailor expansion in the derivation. τ′(1) is the model delay (usually from

the CALC module) without the clock contribution for telescope (1) with respect to the geo-

center. τ̇gc
(1)(2) and τ̈gc

(1)(2) are the delay rate and delay acceleration (first and second time

derivatives of the delay), respectively.

The computation of the closure delay for station-based delays is slightly more compli-

cated than that for the geocenter delays. The reason is the reference epoch of the individual

delays in the triangle. With t(1) and t(2) being the reference epochs when the wave front

passes through telescopes (1) and (2), respectively, the closure delay τbl(close) is

τbl(close) = τ(1)(2)(t(1)) +τ(2)(3)(t(2)) +τ(3)(1)(t(1)) (2.12)
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(2)

GC

(1)
(t   )

(t   )(1)
(2)

(t   )(1)

(2)(3)
τ

(1)(3)
τ

(1)(2)
τ

(3)

Figure 2.4: Station-based baseline delays referred to the epochs when the wave front arrives
at the telescope closest to the radio source.

Note the different epoch for τ(2)(3)(t(2)). In practice, the fringe fitting programs, such as

fourfit of the Haystack Observatory Postprocessing System (HOPS)2, compile the reference

epochs for all observations of a multi-telescope scan of the same radio source to have the

same observation epoch (The time stamp t(1) can then be any other suitable epoch and the

use of t(1) does not hurt the following relationships). Anyway, delays with identical epochs

in a triangle cannot be summed up as in Eq. 2.12 regardless because this would ignore the

fact that the wave front in Fig. 2.4 still travels some finite time past telescope (1) before it

arrives at telescope (2). The reference epoch for the delay τ(2)(3) is thus t(2) = t(1)+τ(1)(2).

For the closure delay τbl(close) this leads to

τbl(close) = τ(1)(2)(t(1)) +τ(2)(3)((t(1)) +τ(1)(2)) +τ(3)(1)(t(1)). (2.13)

During the small time lapsing, τ(1)(2), the Earth continues rotating and telescope (2)moves

a finite distance. For this reason, the delay τ(2)(3)(t(2)) will be different from that reported

for epoch t(1), again applying a Taylor expansion,

τ(2)(3)(t(2)) = τ(2)(3)(t(1)) + τ̇(2)(3)(t(1)) ·τ′(1)(2) +
1
2
τ̈(2)(3)(t(1)) ·τ′2(1)(2) (2.14)

2https://www.haystack.mit.edu/haystack-observatory-postprocessing-system-hops/
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This is almost invers to Eq. 2.11 and again the last term can safely be ignored since it is al-

ways smaller than 1×10−14s. τ′(1)(2) is the theoretical delay. The closure delay relationship

in the station-based delay case (Eq. 2.13) can then be formulated equivalently (ignoring

the accelerations), to

τbl(close) = τ(1)(2)(t(1)) +τ(2)(3)(t(1)) +τ
′
(1)(2) · τ̇(2)(3)(t(1)) +τ(3)(1)(t(1)) (2.15)

For closure delay analyses, it has to be emphasized here that the delay τ′(1)−(2) is the theo-

retical delay and must not be taken from the listing of the observables because this includes

the clock biases which are not applicable. The same of course also applies to any ambiguity

offsets remaining in the original observations.
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3. Precision considerations of VLBI observations

Most of the technical equipment is designed to produce observables with the best accuracy

possible. Fundamental to the following is that the radiation observed and recorded by a

VLBI system consists of a "signal" and a "noise" component. This may be confusing at first

sight but can easily be explained by considering the noise, which is emitted solely by the

radio source, to be the "signal". All other noise added along the way then is the real "noise".

Both components have Gaussian statistics (Whitney, 1974).

The relationship between "signal" and "noise" is mapped through the signal to noise ratio

(SNR). It is a dimensionless quantity in VLBI. In the mathematical definition of Whitney

(1974), the SNR is a product of the normalized correlation amplitude ρ0, the spanned

bandwidth ∆ν and the integration time T

SNR≡ ρ0

p
2∆νT (3.1)

Here, the normalized correlation amplitude depends on the thermal noise-equivalent an-

tenna temperatures TA(i) and the system temperatures TS(i) of the two telescopes (i = 1,2)

ρ0 ≈

√

√

√

TA(1) · TA(2)

TS(1) · TS(2)

(3.2)

The noise level received at the antenna is represented as the equivalent of the respective

temperature of thermal noise called antenna temperature. It depends on the flux density

S of the radio source being observed. Since we encounter some loss due to digitizing the

analog signal, the final theoretical SNR can be computed from

SNR= η
S
2k

√

√

√

A(1) · A(2)
Ts ys(1) · Ts ys(2)

p
2∆νT (3.3)

with η = digitizing loss factor (0.5 – 0.7), S = correlated flux density of the radio source,

k = Boltzmann’s constant (1.38 x 10−23 Ws/K), Ai = effective antenna areas of telescope

(1) and (2), Ts ys = noise temperatures of the receiving systems, ∆ν = total bandwidth of

the receiving system, T = coherent integration time.

The SNR is the driving factor of all considerations related to the precision of the VLBI

observables. Since the variance of a noise-corrupted fringe phase estimate was found to be

σ2
φ ≈

TS(1) · TS(2)

TA(1) · TA(2)

·
1

2∆νT
(3.4)

it follows that

σφ ≈
1

SNR
(3.5)

The uncertainty of the phase delay is even more accurate because the phase is divided
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by the frequency (Eq. 2.3) and thus

στph
≈

1
2πν0 · SNR

=
1

ω0 · SNR
(3.6)

The uncertainty of the phase delay rate τ̇ depends, besides on the SNR, on the rms

integration time ∆Trms with

στ̇ ≈
1

2πν0 ·∆TrmsSNR
=

1
ω0 ·∆Trms · SNR

(3.7)

where ∆Trms is

∆Trms =

√

√ 1
T

∑

(tℓ − t̄)2 (3.8)

with tℓ being the sample epochs, t̄ being the mean epoch (Whitney, 1974). For continuous

integration periods over T seconds

∆Trms =

√

√T2

12
(3.9)

and thus

στ̇ ≈
12

2πν0 · T · SNR
=

12
ω0 · T · SNR

(3.10)

Finally, we get to the uncertainty of the group delay. Here, besides of the SNR, the total

spanned bandwidth is the driving factor determining the theoretical accuracy of the group

delay (Whitney, 1974):

στ =
1

2π · SNR ·∆νRMS
(3.11)

with ∆νRMS = effective bandwidth of receiving system depending on the number of sub-

bands n, the individual sub-band frequencies νi and the mean frequency ν̄

∆νRMS =

√

√

√

√

√

n
∑

i=1
(νi − ν̄)2

n
. (3.12)

All these quantities heavily depend on the SNR. Although the actual SNR is computed

during fringe fitting, Eq. 3.3 helps us to determine where we can improve the system and

the layout of the observations in the scheduling process for better results. First, it should be

noted that the SNR formulation is independent of the observing frequency. However, for the

system temperature Ts ys, the efficiency of the radio telescopes for VLBI observations needs

to be determined regularly. The efficiency is expressed as System Equivalent Flux Density

(SEFD), Ss ys. The SEFD represents the flux density of a fictitious radio source which would

double the output power of the complete receiving system. The spectral flux density of a

radio source as well as for a receiving system is given in Jansky [Jy] where 1 Jy= 1 x 10−26

15



3 PRECISION CONSIDERATIONS OF VLBI OBSERVATIONS

W/(Hz * m2). Ss ys is computed according to Thompson et al. (2007) with

Ss ys =
2k

Ae f f
Ts ys (3.13)

where Ae f f = effective antenna aperture, Ts ys = system temperature , which is composed

of the sky brightness temperature Tsk y and the noise temperature of the instrument Tinst ,

Ts ys = Tsk y + Tinst (3.14)

with Tsk y = Tso ·λ2.55 and Tso being the galactic background radiation of 60 K ± 20 K. λ is

the wavelength of the radiation.

The SEFD has the advantage that it can be measured easily at each telescope indepen-

dently by determining the fractional increase in power obtained when pointing on and off a

source of known flux density. SEFDs range from 60 Jy to 400 Jy for large antennas, 800 Jy

to 1000 Jy for the 20 m class systems to more than 15000 Jy for telescopes of only a few

meters of diameter. These values also strongly depend on the receiver noise mitigation by

cryogenic systems.

With most of the parameters in Eq. 3.3 being predefined, the integration time and the

bandwidths are the parameters which still allow some scope for increase and, thus, reduc-

tion in standard deviation of the delay observables. However, the integration time should

be kept short. An initial reason was that the frequency standards allowed only for a limited

coherence time but this has been overcome by the use of hydrogen maser clocks (H-Maser).

Today, short integration times permit collecting observations at as many different spatial

directions as possible for a good sampling of the atmospheres above the radio telescopes

(Petrachenko et al., 2009).

Another parameter, which can be optimized, is the observed bandwidth, which appears

as the effective bandwidth in Eq. 3.11 and as total bandwidth in Eq. 3.3. As we will see

in Sec. 6, the developments of the VLBI Global Observing System (VGOS) make use of this

fact. At the time of the developments of the legacy S/X systems, recording capacity had

been (and still is) a limiting factor. For this reason, bandwidth synthesis (BWS) has been

invented (Rogers, 1970) and is still in use today also in the VGOS system.

The BWS technique works on the basis of extracting and processing comparatively small

frequency bands (2, 4, 8 or 16 MHz depending on equipment capabilities) out of a spectrum

of, e.g., 720 MHz at X band and 140 MHz at S band, to span the total bandwidth of the

latter but reducing the need for storage and transportation to only n times m MHz (Fig.

3.1). While the two extreme frequency bands help to increase the effective bandwidth

∆νRMS according to Eq. 3.12, the interposed bands support this as well but also increase

the total bandwidth ∆ν in Eq. 3.3 and mitigate sidelobes in the delay resolution function

(Sec. 10). The sequence of frequencies is selected initially to produce from any pair of sub-

bands as many different frequency differences as possible (cf. Golomb ruler). As shown
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later, in the legacy S/X systems, the individual sub-bands produce so-called single-band

(group) delays while the combination of all sub-bands in either S or X band yield multi-

band (group) delays. More correctly, the first delay should have been called single-channel

delay when the Mark III system was developed with separate electronics and recording

channels for each sub-band. Likewise, the latter should have been called multi-channel or

multi-sub-band delay.

0
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lit

u
d
e
 [
]

2000 3000 4000 5000 6000 7000 8000 9000

MHz

Figure 3.1: Sub-band allocation of S and X band with 6 and 8 sub-bands, respectively, for
bandwidth synthesis, sub-band bandwidth 8 MHz.

The actual SNR of an observation is determined at the fringe fitting process. Fundamental

to the SNR determination is the amplitude of the correlation function (Sec. 10.3). In basic

terms. the SNR is the ratio between the amplitude of the correlation peak and the mean

amplitude of the correlation function without that peak.

The SNR threshold for a successful detection of fringes is approximately 10 (Whitney,

1974). However, the technical realization above, the selection of bright radio sources, and

the duration of the observation is generally set to achieve a minimum SNR of 25 or 35.

Sometimes even with minimum integration time, the SNR may exceed 50 or 100 for large

aperture telescopes and the brightest radio sources.
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4. Extra-galactic radio sources

The targets of geodetic and astrometric VLBI are compact extra-galactic objects. In general,

these objects are galaxies which, from an astronomical point of view, appear in a variety

of different kinds. Since they are radio-loud with high power, quasars (quasi stellar ob-

jects, QSOs) are observed most commonly in geodetic applications. Quasars have an active

galactic nucleus, which may be a black hole, surrounded by an accretion disk of rotating

accumulated gas and matter (Fig. 4.1). Due to gravitational processes, the quasar ejects

two relativistic jets perpendicular to the accretion plane. With respect to Earth, the jets

point to us in an arbitrary position angle.

Figure 4.1: Artist’s rendering of quasar P172+18, Credit: ESO/M. Kornmesser

What we can observe is the electro-magnetic emission of regions of the jet which points

towards Earth. The counterpart is blanked out by Doppler boosting. In the early days of

VLBI, it was said that, due to large distances, the observed emission and thus the objects

appear quasi-point-like and do not exhibit any proper motions. However, with increased

resolution of the interferometers, the morphology of the radio sources and also its time

and frequency dependence become visible. As a consequence, it is known today that the

cores of emission, which we observe, are the closer to the nucleus the higher the observing

frequency. This leads to an effect, which is also known as core shift. The exact magnitude

depends on the source and is at the level of single digit microarcseconds.

In addition, the asymmetric field of radiated energy leads to the so-called source structure

effect which causes a deviation from the appearance as a point source. The smaller the

position angle between the jet direction and the line of sight from Earth, the higher the

probability that we find a point source. Extended source structure corrupts the phase of

the signal and consequently the inferred delays. For this reason, Charlot (1990) introduced

a categorization by source structure index distinguishing sources with no structure from

those with extended structure (Fig. 4.2). Currently, objects with an index number of four

are excluded from geodetic observations whenever possible but endeavors also exist to
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correct for these effects with adequate models.

 

Figure 4.2: Images of radio sources with different structure indices (Collioud and Charlot,
2009).

The positions of the objects are defined as angular right ascension α and declination δ

components of an equatorial polar coordinate system. Right ascension (R.A.) is counted

positive in the direction of the Earth’s spin in the equatorial plane from 0 to 24 hours with

minutes and seconds of time (Fig. 4.3). Declination runs in degrees, minutes, and seconds

of arc from -90◦ at the celestial south pole to +90◦ at the celestial north pole.

Celestial North Pole

Equator

Celestial South Pole

εo

α

δ

γ

Earth

Ecliptic

NP

Source
Radio

Figure 4.3: Coordinates α and δ of a radio source on the celestial sphere. NP is the terres-
trial North Pole. ϵ0 is the mean obliquity of the ecliptic of about 23.5◦ and γ is
the vernal equinox.

Many compact extra-galactic radio sources are named with their celestial positions in the

form HHMM±DDd where HH and MM are the hours and minutes of right ascension while

DDd represents the declination in degrees (DD) with the first decimal (d). For historical

reasons they are often positions referred to the epoch B1950.0. This applies to naming

conventions of the IVS and IERS. The International Astronomical Union (IAU) uses names

referred to epoch J2000.0. For unambiguous use of source names, the IVS maintains a

translation table3, where, e.g., 0018-194 is the IVS name, J002109.3-191021 is the long

IAU name, and J0021-1910 is the short IAU name, following similar naming conventions

in terms of embedded position.

3https://cddis.nasa.gov/archive/vlbi/gsfc/ancillary/solve_apriori/IVS_SrcNamesTable.txt
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5. Observing instruments

5.1. Radio telescopes

5.1.1. Telescope optics and mounts

Radio telescopes for geodetic and astrometric applications are basically the same as those

for pure astronomical observations. The only differences are found in the receiver and

backend technology. The dominant part of a radio telescope is the main reflector, often

combined with a secondary reflector or sub-reflector, which serves to combine the energy

of the incoming wave front in a single focal point. The construction of a radio telescope

aims at locating the phase center of a feed horn exactly at the focal point to guide the

energy into the receiver which predominantly consists of the first stage of amplification in

a cooled (cryogenic) environment.

A radio telescope is said to have a prime focus system if the radio frequency feed horn

is placed at the focal point of the main reflector. Most radio telescopes, however, use a

secondary focus near the vertex of the paraboloid for easier access to the receiver equip-

ment. For this purpose either a hyperbolic (Cassegrain system, Fig. 5.1) or an ellipsoidal

sub-reflector (Gregorian system, Fig. 5.2) are mounted in front of or behind the primary

focal point, respectively, to concentrate the energy in a secondary focal point. The feed

horn is then placed here.

sub−reflector

primary focus

feed horn secondary focus

main reflector

Figure 5.1: Cassegrain radio telescope optics with parabolic main reflector and hyperbolic
sub-reflector (dashed lines are discrete ray paths)

For completeness, it should be mentioned that there are secondary focus telescopes which

employ additional wave guide optics underneath the main reflector. They are called Nas-

myth radio telescopes (Baars, 2007). The idea here is to remove the receiver(s) from the

movable telescope parts to a stable platform where tests and maintenance can be performed

more conveniently.

The reflector optics is mounted on a pair of axes which are perpendicular to each other

to reach all positions on the sky. The most common mount is the azimuth-elevation, also
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primary focus

sub−reflector

Figure 5.2: Gregorian radio telescope optics with parabolic main reflector and ellipsoidal
sub-reflector (dashed lines are discrete ray paths)

called alt-azimuth, axis system (Fig. 5.3) (Baars, 2007). Other systems are polar mounts,

where the primary axis is in a position parallel to the Earth’s rotation axis (Fig. 5.4), and

the X/Y mount, where the primary axis just lies in a horizontal plane (Fig. 5.5).

VLBI reference point

AO

ε

elevation axis

positive axis offset

azimuth axis

Figure 5.3: Azimuth-elevation mount with primary axis in local vertical.

It should be mentioned here that azimuth-elevation telescopes are constructed in two

different ways. The one group is a so-called wheel and track type where the whole structure

moves on a circular track with at least four groups of wheels distributing the weight evenly

(Fig. 5.6). Today, this construction is mainly used for bigger telescopes of diameters larger

than 20 m. As with telescopes with polar and X/Y mounts these are generally made of steel
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AO

VLBI reference point

axis offset

polar axis

declination axis

δ

Figure 5.4: Polar mount with primary axis
parallel to Earth rotation axis.

VLBI reference point
AO

axis offset

hp

Y axis

X axis

Figure 5.5: XY mount with primary axis
in horizontal plane.

entirely. The second group consists of so-called turning-head telescopes where only the top

part rotates while a tower made of concrete supports the moving parts (Fig. 5.7).

Figure 5.6: Wheel and track telescope
(Seshan 25 m, P.R. China).

Figure 5.7: Turning head telescope
(Wettzell 20 m, Germany).

In geodetic and astrometric VLBI, the Earth-fixed coordinates of a radio telescope are

always related to the VLBI reference point. This is a point within the structure of a telescope

which is invariant to any rotations of the telescope (Sovers et al., 1998). To first order this

is the intersection of the primary and the secondary rotation axis of the telescope. However,

since these intersect only in very seldom cases, the reference point is the projection point of

the secondary axis onto the primary axis (Fig. 5.3, 5.4, 5.5) The separation of the two axes is

called the axis offset (AO). It can range from a few millimeters in cases, where intersecting

axes were planned but not exactly realized for constructional reasons, to several meters

where required for technical reasons, in particular for polar and X/Y mounts. In seldom

cases, the axis offset may even be negative resulting from the fact that the elevation axis

lies a small distance behind the azimuth axis (Nothnagel, 2009).

Considering the travel time of the incoming wave fronts, the distance between the feed

horn and the secondary axis is considered invariant to first order. It should be mentioned
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here already that any constant part of the signal path produces a constant time delay con-

tribution which is treated as relative clock offset in the analysis (see Sec. 11). The axis

offset, however, produces a time delay ∆τAO which varies with elevation. In general, it

depends on the unit vector in source direction s and the unit vector in the direction of the

fixed axis f (Nothnagel, 2009):

∆τAO =
1
c

AO ·
Æ

1− (s · f)2. (5.1)

For azimuth-elevation telescopes the axis offset produces an extra time delay contribution

of

∆τAO =
1
c
· AO · cosϵ. (5.2)

with ϵ being the elevation angle of the pointing, while for polar mounts the delay contri-

bution depends on the declination of the radio source δ:

∆τAO =
1
c
· AO · cosδ. (5.3)

For X/Y mounts one has to distinguish in which direction the primary axis is oriented.

For those in north-south direction, the delay contribution is

∆τAO =
1
c
· AO ·
Æ

1− (cosϵ · cosα)2 (5.4)

with α being the azimuth of the radio source, while for those in the east-west direction it is

∆τAO =
1
c
· AO ·
Æ

1− (cosϵ · sinα)2. (5.5)

5.1.2. Construction requirements

It is needless to state that radio telescopes used for geodetic and astrometric VLBI need to be

stable enough in all their components for results of highest accuracy. This applies not only

for the reference point itself but also for the reflecting optics. The stability of the reference

point of VLBI telescopes has been studied only occasionally (Lösler et al., 2013; Lösler et al.,

2016). The results indicate that the telescope studied is stable close to the detection limit of

sub-millimeter accuracy. It is worth to note that all these studies are made for turning-head

telescopes where fixed parts of the construction can be used to mount geodetic targets. For

wheel and track telescopes, any effect of instability, manifested as tumbling of the reference

point, cannot be separated from the determination of the axis offset (Holst et al., 2019).

However, if a displacement of the reference point is actually a consequence of a tilting of the

telescope, this can be detected by identifying trends in its pointing model. Furthermore,

a tilting process may be interpreted as a spurious telescope motion in the global frame

which may be identified by comparison with velocity vectors from observations of nearby

permanent GNSS installations as demonstrated on the PIETOWN radio telescope (Petrov
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et al., 2009).

In the construction process of a radio telescope, special care is taken that the weight of

the primary reflector, the quadrupod holding the sub-reflector, and the sub-reflector are

balanced by some counter-weight. The reason is that the motors and gears should be re-

linquished from any torques caused by imbalances for protection. For this reason, there is

almost no shift in load enforced on the elevation axis, and thus on the VLBI reference point,

when the telescope is tilted to different elevation angles.

5.2. Receiving systems

Today, geodetic VLBI receiving systems come along in two different versions, legacy systems

for simultaneous S and X band observations and VGOS broadband systems. Since the tech-

nical developments of the VGOS system are making use of modern electronics components,

there has been tremendous progress in increasing the observed bandwidths. However, the

general background of radio telescopes and the receiving equipment have remained the

same. As can be seen in Fig. 1.2, the basic elements of the first stage of the receiving system

called front-end consists of radio frequency amplifiers, local oscillators and mixers. These

elements are mostly mounted directly in the telescopes themselves. The back-end consists

of samplers and recording units, which are normally located in the control room/building.

The information related to the front- and back-ends are separated in three sub-sections,

general receiving concepts (Sec. 5.2.1), legacy system hardware (Sec. 5.2.2), and VGOS

system hardware (Sec. 6.3).

5.2.1. General receiving concepts

The actual antenna element of a radio telescope is a feed horn, basically a funnel in which

the electro-magnetic radiation is collected and coupled into electronics channels. From the

injection into the feed horn, the quasar signal is lead into the first amplifier stage consisting

of low-noise amplifiers (LNA), e.g., field-effect transistors (FET). These are enclosed in a

cryogenic dewar (Fig. 5.16) which means that the air is replaced by helium cooled down

to about 40◦ K.

Cooling is necessary to reduce the thermal noise of the electronic amplifier components

to a minimum to avoid spoiling the quasar noise by thermal noise. In the case of the

VGOS broadband feeds, even these themselves are cooled. Although there will be further

system noise sources down the receiving and digitization line, the noise reduction of the

first amplifier stage determines the final receiver noise temperature which represents the

total noise introduced by the receiving system in units of equivalent temperature. Knowing

all noise power contributions of the receiver components, Trec could be computed by

PN

B
= k Trec (5.6)
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where PN is the noise power in Watt, B is the total bandwidth in Hz over which the noise

power is measured, k is Boltzmann’s constant (1.38× 10−23)Ws/K producing the receiver

noise temperature Trec in degrees Kelvin. Unfortunately, this is not the only contribution to

the total system noise. Also the noise of the ground Tgrd to be limited by the edge taper of

the telescope and of the sky Tsk y which is well known as the cosmic background radiation

of the sky of 2.726 K. Consequently, the system temperature sums up to

Ts ys = Trec + Tgrd + Tsk y (5.7)

Although one could compute the receiver temperature by Eq. 5.6, in practice the system

noise temperature is determined by switching on and off a noise diode with a calibrated

noise temperature output Tcal placed in front of the first amplifier stage and computing the

relationship

Ts ys =
Tcal · Pcal-off

Pcal-on − Pcal-off
(5.8)

read from a total power integrator as Pcal-off and Pcal-on. For this, the telescope has to point

to a part of the sky where the overall power is at a minimum.

In the absence of a calibration of the noise source, one can also determine Tcal by pointing

on and off a well known calibrator source. Here, the same concept of Eq. 5.8 applies as it

does for pointing checks where a 5-point sequence is followed (on-source, first null above,

first null below, first null east, and first null west). The system temperature is needed for

precision considerations (Sec. 3) and for determining necessary scan lengths in the schedul-

ing process (Sec. 8).

The output of the first stage amplifiers, the radio frequency radiation in the GHz regime

has been too high for direct digitization. For this reason there is a need for down-conversion.

Mixing down the RF frequency to some MHz can be considered as subtracting a carrier wave

as commonly used in terrestrial electronic distance meters. The down conversion is done in

multiple stages and at this stage frequency stability comes into play. Although these stages

may be realized differently at the various telescopes, the entire down conversion should be

phase coherent in the receiving chain of a telescope but should also be coherent to other

telescopes. It should be mentioned that there are present day developments of direct sam-

pling of GHz frequencies which may cope with these frequencies, but these are still in an

experimental stage.

The driving element of the frequency down conversion is the telescope’s frequency stan-

dard which almost always is a hydrogen maser (H-maser, Fig. 5.8) because it guarantees a

frequency stability of 5× 10−14 in 50 minutes (Nothnagel et al., 2018). A hydrogen maser

normally has a 5 MHz and a 1 pps output (1 pulse per second). The 1 pps signal is used

to drive the station clock which is embedded in the formatter or sampler electronics. This

produces the time tags in the data framing. The 1 pps signal needs to be synchronised to

25



5 OBSERVING INSTRUMENTS

UTC as best as possible but it also helps to know and document the deviations from UTC.

Often the deviations are determined with GPS time transfer equipment and stored in the

telescope’s log file as "fmout - gps" meaning formatter output reading minus GPS time tag.

This information is helpful to the correlator centers to speed up operational correlations by

eliminating the need for a dedicated fringe search. For this to work, the maser offset with

respect to UTC needs to be accurate only at the 100 ns level. A de-facto synchronization of

the clocks of the radio telescopes takes place in the level-2 data analysis where clock offsets

are estimated with picosecond precision (For definitions of the data analysis levels see Sec.

12.3).

Figure 5.8: Hydrogen maser fre-

quency standard.

The 5 MHz output of the H-maser (may also be

10 MHz for newer versions) is the driving signal for all

local oscillators used for frequency conversion, phase

calibration and data framing in the sampler. Of the

same importance as the stability of the frequency stan-

dard itself is the quality of the distribution of the fre-

quency to the individual pieces of equipment. Here,

phase coherence has to be guaranteed to keep up with

the high demand for coherence of the the individual

down conversion steps at a telescope but also between

the signal streams of the two telescopes forming a base-

line.

The main concept of down-conversion is that the en-

tire frequency band, which is received, is first separated

into several sub-bands (8 at X band, 6 at S band, and

32 in the final VGOS mode). These sub-bands are then

down converted to baseband for each sub-channel in-

dividually, which means that the bandwidth of each of

the sub-channels now ranges from 0 to F MHz, therefore the name baseband. F was 2 MHz

at times of the early Mark 3 system, increased to 4, 8, or 16 MHz in later Mark 4/5 develop-

ments, and is 32 MHZ for the current VGOS system (Niell et al., 2018). Since the signals of

each sub-band run through separate electronic circuitry, each processing chain can also be

denoted a data flow channel, or briefly channel as it was common use in the legacy system

era. So, beware that there may be some inconsistencies in the usage elsewhere.

Today, a serious problem is radio frequency interference (RFI) through strong artificial

emitters which affect the receivers especially those of S band. In particular mobile phone

transmitters but also WiFi produce so much radiation that in some cases one or more of

the sub-bands may saturate the receiver and turns them unusable. This is the reason, why

VGOS frequency bands start at 3.0 GHz. In legacy systems, heavy RFI is tried to be avoided

by sub-band re-allocation but the multitude of transmitters at the different telescopes drives

this endeavour futile. For this reason, digital filtering (notch filters) are developed to be

26



5 OBSERVING INSTRUMENTS

used in the fringe fitting process. However, RFI is always a nuisance and reduced the SNR.

The next element in the receiving chain is the digitization of the individual sub-bands

which is done according to the Nyquist theorem with two samples of one bit each per Hz

(Fig. 5.9). For any sampling to work, a sampling signal of twice the frequency to be sampled

has to be employed generating a sampled analog signal (Takahashi et al., 2000). By pure

translation of the voltages into individual bits, digitization is realized. "0" represents a

negative voltage and "1" a voltage of zero or larger. This is called 1-bit sampling.

1
0

100011111111000111 1 000000110001

+ voltage

− voltage

Analog signal

Sampling signal

Sampled analog signal

1−bit quantization

1−bit digital signal 

Figure 5.9: 1 bit digitization (adapted from Takahashi et al., 2000).

In many setups of observing sessions 2-bit sampling is applied. Here, a second bit is added

to each sample indicating whether the voltage is below or above a (half-power) voltage

threshold (amplitude bit, Fig. 5.10). For amplitude calibration of the sampler, modern

digital baseband converters such as the DBBC (Digital BaseBand Converter) or the RDBE

(Reconfigurable Open Architecture Computing Hardware [ROACH] digital backend) do a

constant statistical test on the amplitude bit querying whether the nominal distribution of

16% above the positive amplitude threshold or 16% below the negative amplitude threshold

is met. Depending on the outcome, the voltage thresholds are shifted up or down to keep

the expected bit distribution intact. This may be done with repetition rates of 1 Hz or even

below. It should be mentioned here that the amplitude information can be sampled with

finer resolution requiring 8- or even 16-bit representation. 8-bit sampling is employed in

the RDBE and commonly used in VLBI space navigation systems.
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Figure 5.10: 2 bit digitization.
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5.2.2. Legacy system hardware

The description of the legacy system hardware should be considered as generic because

there are a number of different realizations (Fig. 5.18). We start again with the front-end.

Legacy systems mostly use concentric feed horns for two bands in the radio frequency (RF)

domain, X band as primary observing frequency and S band for calibration of ionospheric

refraction. Concentricity of the feed horn for many frequencies is important for pointing the

telescope for simultaneous reception of all frequencies to be observed and processed. The

focal points of the different frequencies have to lie on the same optical axis. Within limits,

it does not matter whether they are slightly displaced on the common optical axis. Any

resulting path length differences are absorbed in the clock parameter estimation. However,

the reflection of the radiation from the main reflector or the sub-reflector should collimate

in a single focal point. If the feed horn is not constructed properly, any disagreement of the

focal points will result in a deterioration of the antenna gain.

Dewar

S band feed horn

S band coupler

X band horn

Wave guide

Coax
cable

Figure 5.11: Schematic concentric feed horn

for S and X band reception

In general terms, the entire system con-

sisting of first stage amplification and het-

erodyning to lower frequencies is called the

receiver. Although other realizations cer-

tainly exist, a concentric feed horn for si-

multaneous S and X band reception may re-

semble a big funnel as depicted in Fig. 5.11

for a secondary focus antenna. The funnel

collects all frequencies but is optimized for

S and X band. The top part (Fig. 5.12) is

designed for optimal S band and the bottom

part (Fig. 5.14) for X band reception (In

fact, the entire S band horn also consists of

a second cone element with narrower aper-

ture below that on the photo). The S band

signal is decoupled from the waveguide el-

ement into coaxial cables with four S band

couplers (Fig. 5.13) matching the 13 cm

wavelength and mounted cross-wise around the bottom part of the S band horn. The little

pin visible in Fig. 5.13 is the actual antenna element. The reason for having four of them

is to produce right hand circular polarization (RCP) through phase-shifting the four inputs

by π/2 each. From there, the signals are led into the amplifier chain by coaxial cables.

The X band radiation remains unaffected in the S band part of the horn and is fed into the

receiver through wave guide elements at the bottom of the feed directly (Fig. 5.14), again

matching the 3.4 cm wavelength. A λ/4 plate in the path produces RCP.
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Figure 5.12: Top part of S band horn. Figure 5.13: S band waveguide
to coaxial coupler.

Figure 5.14: X band feed horn

Both horn components are machined with corrugations.

The purpose of these is to produce the characteristic beam

of the horn which should illuminate the reflector (in this

case the sub-reflector) with maximum gain everywhere

but none beyond the rim. This is not strictly possible but

is approximated with the edge taper to minimize the gain

as much as possible towards the rim (Fig. 9.4). Feed horns

are specifically constructed for a radio telescope where the

f/D relationship (focal length over diameter) determines

the width (or narrowness) of the feed cone. For large f/D

and consequently for secondary focus telescopes, the feed

is narrower than for prime focus telescopes.

30



5 OBSERVING INSTRUMENTS

Figure 5.15: HartRAO dichroic mirror assembly on top of cone containing feed horns of
several frequencies (left). The reflected S band signal is depicted in magenta
(right). S and X band horns are located underneath the mylar lid of the cone.
Photos by Marisa Nickola.

It should also be mentioned that some receiver installations use dichroic mirrors to reflect

part of the radiation (often the longer wavelengths) in the direction of a separate feed horn

(for S band) before it reaches the horn for X band. The additional S band reflections lead

to a slightly reduced loss in gain, which is acceptable, because the S band observables have

reduced quality requirements compared to that of the primary frequency of X band. Fig.

5.15 shows the assembly of the 26 m HartRAO telescope which is taken off for astronomical

single frequency observations to avoid blockage of other feed horns in secondary focus.

Figure 5.16: Top view of X band horn. Figure 5.17: Cryogenic dewar contain-
ing low noise amplifiers.

The cryogenic dewar of legacy telescopes generally contains a first stage amplifier and a

mixer for both frequency bands separately. The purpose of the mixers is to bring down the
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radio frequencies (GHz domain) to about 500 MHz to 1000 MHz called intermediate fre-

quencies, IF. This is done by mixing the RF frequencies with some local oscillator frequency,

e.g., 2020 MHz for the S band signal and 8080 MHz for X band (Fig. 5.18). Only the

frequency difference components are of further use while the inevitable sums are filtered

out.
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Figure 5.18: Schematics of RF to digital data flow in a VLBI system.

For further processing and registration, the IF signal is amplified again and brought down

from the receiver equipment in the telescope to the control room either in coaxial cables or

nowadays also in fibre optic cables. The S and X frequency bands in legacy telescopes have

always been transported via separate cabling.

In the control room, an IF distributor helps to separate the frequency bands into several

sub-bands and the signals are down converted to baseband for each sub-channel individu-

ally as described in Sec. 5.2.1. Along the same lines as above all sub-bands are digitized

and time tagged.

In the early days, the processing chain was analog down to the analog to digital (A/D)

converter which was called the formatter. Today, with the goal to operate digitally as early

in the receiving chain as possible, the IF distributor, the last mixer stage, A/D converter,
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and sampler are included in digital baseband converters, such as the DBBC or the RDBE

family.

The distribution of the sub-bands within the spectrum of a frequency band follows the

ideas of Rogers (1970) for bandwidth synthesis which allows spanning as much bandwidth

as possible with limited recording capabilities (Sec. 2). For the description of a frequency

sub-band, in most cases, one of the band limiting frequencies is given together with the indi-

cator upper sideband (USB) or lower sideband (LSB). Throughout the VLBI community, the

sub-band reference frequencies 2225.99, 2245.99, 2265.99, 2295.99, 2345.99, 2365.99

MHz of S band and 8212.99, 8252.99, 8352.99, 8512.99, 8732.99, 8852.99, 8912.99,

8932.99 MHz of X band, all with USB are currently allocated. At X band, two more bands

are often used at 8212.99 MHz (LSB) and 8932.99 MHz (LSB) to add two more sub-bands

to the historically provided 14 sub-bands of the early Mark III electronics and tape recorder

era. Fourteen was the number of tracks recordable on the first video tapes of the Mark III

system which was overcome by the "high density tape upgrades" which allowed 16 tracks.

Since there were only 14 baseband converters (BBC) in the Mark III electronic rack, the

lower sideband output of the first and last sub-bands was employed to make use of the

extra two tracks and increase SNR by this additionally recorded data.

The Mark 5 recording units in use today consist of a chassis, which is normally mounted

in some electronics rack, and exchangeable, transportable disk units, each containing eight

commodity disks for storage of the data, thus Eight Packs (Fig. 5.19). The latter are used

for intermediate storage and later transmission of the data by Internet lines or for shipment

to the correlator by courier service. These are known as Mark5 recorders. Alternatively,

also RAID storage systems are in use (called Flexbuff4). Naturally, they are mainly used for

transportation of the data to the correlators via the Internet.

Figure 5.19: Transportable disk

pack of Mark5

system (Eight pack).

Depending on the number of individual sub-bands

and their bandwidths, the total data volume for legacy

systems may be up to 1 GigaBit per second (Gbps) or

4.3 TerraByte (TB) per telescope at a 40% recording

cycle (the rest is used for slewing of the telescopes).

4https://aaltodoc.aalto.fi/bitstream/handle/123456789/16026/master_Salminen_Tomi_2015.pdf

33



6 VLBI GLOBAL OBSERVING SYSTEM

6. VLBI Global Observing System

The VLBI Global Observing System (VGOS) is the name for the current developments and

realizations of a modern geodetic VLBI observing concept. Compared to the legacy system

of S/X band observations, it has a number of new features which are described in this

chapter.

6.1. History

The initial project of VGOS started off in 2003 with the establishment of the IVS Working

Group 3 (WG3) called "IVS Working Group on VLBI2010" (Sec. 12.3). The purpose of this

working group was to "produce a report with recommendations for a new generation of

systems that meet the following criteria: (a) Highest-precision geodetic and astrometric

results, (b) Low cost of construction, (c) Low cost of operation, and (d) Fast turnaround of

final results."5. What followed was a time of extensive systematic simulations and intense

discussions on all effects and all technical compartments affecting the quality of geodetic

and astrometric VLBI results.

In September 2005, the IVS Directing Board approved the final report of WG3 named

"A Vision for Geodetic VLBI – VLBI2010: Current and Future Requirements for Geodetic

VLBI Systems." (Niell et al., 2006). The most important findings in the context that follows

were reflected in the part that was called the "3.1 Design a New Observing System Based

on Small Antennas". In the following years, the new concept led the way of the IVS into

the future and triggered many detailed investigations such as the design concept of the

VLBI2010 system (Petrachenko et al., 2009). With the decision of the IVS Directing Board

at the Royal Observatory of Madrid, Spain, on March 9, 2012, the name of the project was

changed from VLBI2010 to VLBI Global Observing System (VGOS) to take into account

that the year 2010 had passed and that a permanent name should have a relationship to

the Global Geodetic Observing System (GGOS) of the International Association of Geodesy

(IAG) where 1 mm coordinate and 0.1 mm/y velocity accuracy targets had been demanded.

Since then, the establishment of the VGOS network and related processing capabilities

have been on the agenda of many IVS components. A fair number of new telescopes have

been built and reached operational status while correlator capacity and post-processing

software have been developed. Between December 2014 and January 2017, the first VGOS

observing sessions weren observed and successfully analyzed proving the validity of the

concept (Niell et al., 2018). With VGOS-imminent new technologies needing extensive

research, developments of VGOS will provide important topics for many years to come.

5https://ivscc.gsfc.nasa.gov/about/wg/wg3/index.html
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6.2. Technical framework

The simulations carried out in the VLBI2010 project led to the insight that the most impor-

tant area hindering progress with the existing (legacy) S/X band system was, and still is,

the refractive behavior of the microwaves in the atmosphere. Improvements of the geodetic

and astrometric VLBI results could, thus, be achieved only if the neutral atmosphere and

here the influence of water vapor, manifested in the extra wet atmosphere path length, is

determined with an accuracy approaching the mm level. Since the wet atmosphere, as it

is commonly called, cannot be modelled or measured with such an accuracy, estimating

zenith wet delays (Sec. 11.7.1 and 11.7.3) is the current method of choice.

And here is where the "small antennas" come into play. It was beyond dispute that upgrad-

ing the many dual-use (astronomical and geodetic) radio telescopes and aging equipment

of the purely geodetic ones was required. Only with less mass to accelerate, move, and

decelerate can the slewing speed between radio sources be increased with mechanically

tolerable strain. Consequently the time between observations of different regions of the

local sky is reduced allowing for more observations per time unit. With these, the sampling

of the atmosphere above each telescope can be performed much more densely than with

the normally much slower legacy telescopes. Consequently, estimating the zenith wet de-

lay (or any other parameter reflecting the state of the refractive irregularities) with much

higher time resolution and better quality will be possible.

For the consequences following this insight we should recall that the signal-to-noise ratio

(SNR) achieved during an observation is the positive driving parameter of the precision

of the phase delay observable (cf. Eq. 3.5), and, together with the spanned bandwidth

(Eq. 3.12), also that of the precision of the group delay observable (Eq. 3.11). According

to Eq. 3.3 (SNR ∝
p

S A(1) A(2) B T), the SNR is dependent on the effective collecting

areas of the two telescopes forming the baseline, A(1) and A(2). Reduction of one of these

parameters (compared to the legacy telescopes of 20 m diameter) by a factor of 2-3, must

be compensated by an increase in one or more of the other parameters.

However, the correlated flux density of the observed source S should be kept below or

around 1 Jy to avoid an increase in probability of adverse effects by the structure of re-

solved sources. Likewise, the integration time T should be kept small for a fast sequence of

observations. This excludes these two parameters as candidates for compensation for the

reduced collecting areas of the agile, small diameter VGOS telescopes and consequently

leaves only the bandwidth B to be increased if the same SNR is to be maintained. In addi-

tion, if the precision of the observables were to be improved, as an inherent part of the goal

of reaching "highest precision of geodetic and astrometric results", the bandwidth B was

the remaining candidate for increase to compensate for the smaller diameter telescopes.

Another early consideration for the realization of the desired high temporal density ob-

servations was the achievable shortness of the scan duration (on-source time). If the lower

limit of source brightness is assumed to be 250 mJy, two twelve meter diameter telescopes
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can achieve an SNR of 20 within 10 s integration time (Niell et al., 2018). Prerequisites

are that the recording rate is 16 Gbit/s and that the telescopes have aperture efficiencies

of 50% and system temperatures of 50 K, which is equivalent to an SEFD (see Sec. 3) of

2500 Jy.

Finally, the simulations showed that the highest tolerable delay precision to achieve the

1 mm telescope position goal was 16 ps. This included the impact of all known sources of

noise-like errors. From experience with the legacy S/X band systems it was clear that the

signal chain would also need a re-design for the required delay precision target.

With all these preconditions in mind, the idea then was to develop a system with four

bands of 1 GHz each spread over a range of 2 - 14 GHz sky frequency (Petrachenko et al.,

2009). With this initial general definition, the so-called broadband system was born. The

lower frequency limit of 2 GHz was chosen in order to maintain compatibility with existing

S/X systems and allow for possible mixed-mode observations. Allocating a wider range of

the sky frequency limits and not just a continuous 4 GHz was chosen to make use of the

spanned bandwidth effect of Eq. 3.11.

The technical realization of the microwave system then faced another obstacle. While

existing signal chains with feed horns for S and X band frequencies could employ so-called

quarter wave plates to introduce a 90◦ phase shift in the polarization planes for extracting

the left- and right circular polarization components of the incoming radio source signal

(see Appendix C on polarization issues), there was no such solution for wide-band feed

systems. These are currently only able to physically receive linearly polarized radiation.

While hardware realizations of this problem were only in an experimental stage at that

time, receiving and recording two perpendicular linearly polarized wave fronts seemed to

be a good solution. This appears even more beneficial because the number of bits to be

correlated would be doubled compared to a single circular polarization as realized in the

legacy S/X system and lead to an increase of the SNR by
p

2 pushing the accuracy up even

further, at least theoretically.

With the definition of VGOS to cover 2 - 14 GHz, the overall boundaries of the spec-

trum were set but that left the question of how to populate this spectral region with ac-

tual receiver bands. Ideal would be full coverage of the 2 - 14 GHz spectrum, but plenty

of obstacles inhibit this. Fortunately, bandwidth synthesis (BWS) (Rogers, 1970) and its

accuracy considerations, based on the recording of sub-bands of the frequency bands men-

tioned already above also work for the VGOS broadband system and helped again to save

on hardware, storage, transmission, and processing costs. Here, the four bands are pop-

ulated with 32 MHz wide sub-bands (Fig. 6.1). Current limitations force the use of dis-

continuous sub-band selections within a bandwidth of 512 MHz. However, the long-term

goal is that each band of 1 GHz bandwidth is fully populated routinely with 32 MHz wide

sub-bands/channels.

In the context of nomenclature, the application of bandwidth synthesis with all VGOS

bands and sub-bands in a single process for the determination of the group delay and the
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Figure 6.1: Sub-band allocation of current VGOS setup (for frequencies see Tab. 6.1), sub-
band bandwidth 32 MHz.

difference in total electron content (dTEC) (see Sec. 6.4) produces a group delay which for

sure is a real multi-band delay. As a consequence, care has to taken and the context needs

to be observed when using the different delay expressions.

The signal chains for four bands of 1 GHz bandwidth each (called A, B, C, and D) is quite

a challenge because of the wide spread of frequencies of up to 12 GHz and the technical

feasibilities in the different frequency domains. At present technical limitations allow only

for 8 sub-bands in each band (Niell et al., 2018). The setup as used in the current (as of

2022) IVS VGOS observing sessions is listed in Tab. 6.1 and depicted in Fig. 6.1.

Table 6.1: Upper bandedge frequencies currently in use. Each sub-band has a nominal
width of 32 MHz (lower sideband).

Band A B C D
3032.40 5272.40 6392.40 10232.40
3064.40 5304.40 6424.40 10264.40
3096.40 5336.40 6456.40 10296.40
3224.40 5464.40 6584.40 10424.40
3320.40 5560.40 6680.40 10520.40
3384.40 5624.40 6744.40 10584.40
3448.40 5688.40 6808.40 10648.40
3480.40 5720.40 6840.40 10680.40

An area of research still is where to optimally locate the four bands in the broadband

spectrum. The decision is still pending because the limitations of technical components,

radio frequency interference, and the simultaneous estimation of the total electron content

difference (see below) put severe restrictions on the optimization function. Consequently,

there is a need for close communication between hardware developers, station staff, and

data analysts to iterate on optimal configurations.
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6.3. VGOS system hardware

The new developments for VGOS have brought up concentric feed horns which are capable

of receiving, other than the S/X horns, the full range from a few GHz up to 14 GHz simul-

taneously. Examples are the Eleven Feed family (Yang et al., 2013) covering 1.4 to 14 GHz

or the Quad Ridge Flared Horns of Cosmic Microwave Technology, Inc.6 which nominally

operate from 2.3 to 14 GHz. Eleven Feeds are installed in the Wettzell and Onsala Twin

Telescopes (Fig. 6.2) while Quad Ridge Flared Horns are in use in US and Australian tele-

scopes (Fig. 6.3).

Figure 6.2: Eleven Feed for 1.6 to
14 GHz (courtesy Jian
Yang).

Figure 6.3: Quad Ridge Flared Horn
(Courtesy Cosmic Microwave
Technology, Inc.).

The signal flow from the receiver down to the control room depends on the specific hard-

ware installation. Multiple bands can be transferred with joint RF over Fibre (RFoF) systems

or may be split into two or more downlink cables. For example, in the US telescopes the

LNA output is separated into two chains, one for the lowest band and another one for the

three higher bands together (Niell et al., 2018). This is duplicated for both polarizations

(Fig. 6.4). The reason is avoidance of potential "RF over Fibre" (RFoF) saturation through

RFI. After passing two separate RF distributors for each polarization, which provide sep-

arate channels for each band, the signals are fed into eight Up/Down converters (UDC).

Up/Down conversion means that all signals are first brought up to 20 - 22 GHz. After a

band pass filter (BPF) for out-of-band rejection, a mixer with a 22.5 GHz fixed frequency

local oscillator brings the signals down to 0.5 to 2.5 GHz. Further filtering reduces each

band and polarization to approximately 512 to 1024 MHz (Niell et al., 2018). Other than in

the S/X developments, the subsequent sampling by four Reconfigurable Open Architecture

Computing Hardware (ROACH) digital back-ends (RDBE) is done first, before the sampled

signals are channelized into 16 channels of 32 MHz bandwidth each in a digital polyphase

filter. Time tagging also takes place in the RDBE.

In the AUSTRAL telescopes, no separation is made and all bands are transferred by the

6https://www.cosmicmicrowavetechnology.com/quad-ridge-flared-horns
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Figure 6.4: Data flow of VGOS system (from Niell et al. 2018), LNA = Low noise amplifier,
UDC = Up/Down converter, RDBE = Reconfigurable Open Architecture Com-
puting Hardware (ROACH) digital backend.

same RFoF system. Having all the VGOS bands sent via RFoF has some significant advan-

tages in reducing inter-band delays, unfortunately not entirely (Fig. 7.1). Digitization and

channelization is done with a DBBC3 (Digital BaseBand Converter).

At the Wettzell VGOS Twin Telescopes, Up/Down converters are located next to the LNAs

in the feed cone of the telescopes. They produce Intermediate Frequencies (IFs) in the range

of 500 to 1500 MHz for each band directly. These are then transferred to the control room

by eight coaxial cables (4 bands x 2 polarizations).

In all these configurations, the recording hardware may be Mark 6 units or FlexBuff

RAID systems. At a later stage, the FlexBuff data is always transferred via the Internet

while Mark 6 units may still be shipped physically or may be used as interim storage as

well. With four bands of 1 GHz bandwidth each, two polarizations and a 50% recording

cycle, the total volume per telescope is approximately 86 TB.

6.4. Special Level 1 data analysis considerations

To process the recording of signal streams from two linear polarizations, designated as X

and Y at both telescopes requires the correlation of four products, X(1)X(2), X(1)Y(2), Y(1)X(2),

and Y(1)Y(2), and to implement the proper combination of the products (Appendix C). The

reason is that it is only with great technical effort and expense that the two linear polariza-

tion planes are kept parallel for all telescopes in a network during the observations. The

combination of all products is performed with the visibilities of all cross products result-

ing in a single array of visibilities which represent the total intensity distribution of quasi

polarization-free observations.

Since the signals of each band and each sub-band pass through separate hardware com-

ponents, phase distortions are inevitable. For this reason, a proper and reliable phase cali-

bration system (Sec. 10.7) is essential for the VGOS goals to be met. At present, remaining
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random phase biases among polarizations and sub-bands are a great obstacle still to be

solved.

The existing chain of Level 1 data analysis handling of S/X band observations has reached

a solid level of maturity. However, for the determination of delay and phase observables

from VGOS observations there is still room for further development. The two areas are

(1) the combination of the multi-polarization products and (2) the joint estimation of the

delay and the total electron difference. Please see Appendix C on polarization issues and

pre-fringe-fitting data handling.

The wide bandwidth brings with it the need for addressing two frequency-related issues.

The first one is dispersion caused by all charged particles between the radio sources and

the telescopes. These have quite a large, though known, frequency-dependent impact (Sec.

11.5.2). The second one is the effect of source structure on the visibilities and, thus, the

delay observable. The latter is not so well understood because maps of the brightness

distribution at the individual VGOS bands are not yet available. However, by now source

structure effects are assumed to have as large a negative impact on VGOS observations as

measurement noise and the wet atmosphere (Anderson and Xu, 2018).

The dispersive effect of the ionosphere and the wide range of frequencies (2 - 14 GHz)

inhibit the assumption of a single ionosphere delay as it is applied individually in the fringe

fitting process of S and X band observations. To the contrary, the joint delay, phase, and

delay rate determination in the fringe fitting process needs to take into account the non-

linear frequency-dependent ionospheric delay effect.

The joint estimation of the delay and the total electron content difference between two

telescopes in the fringe fitting process adds another degree of freedom to the data. While

in the initial processing of the individual bands, the fringe amplitude is maximized for the

single band delay, the phase delay rate, and the group delay, VGOS processing requires

that the differential total electron content (dTEC) be added as a fourth dimension for the

maximization criterion of the fringe amplitude.

The basis of the following considerations are Eq. 11.68 for the impact of the ionosphere

on the phase observable, which goes as -constant/ν, and Eq. 11.70 for the group delays,

which follows +constant/ν2. The signs are important, negative for the phase, which means

that the phase is accelerated, and positive for the delay, meaning a retardation.

First, to get an impression of the magnitudes of the ionosphere affecting the group delays

and the phases in each band, Tab. 6.2 lists the ionospheric phase and delay impacts for

dTEC = 3 TECU according to Eqs. 11.68 and 11.70.

With dφ/dν = 2πτ, a positive group delay is related to a linearly increasing phase. In

Fig. 6.5, the non-dispersive phase behavior of the group delay (green line with diamonds)

and the dispersive phase behavior of the ionosphere retardation (blue line with circles),

together with their sum (magenta line) are displayed for a differential total electron content

(dTEC) of 3 TECU and a group delay of 300 ps. The sum of the two effects as displayed here

in magenta is a generic example of the phase behavior which will be hidden in the visibility
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Table 6.2: Impact of ionosphere for dTEC = 3 TECU in different frequency bands (first
two lines each are current lowest and highest allocations according to Tab. 6.1
with the third line indicating highest frequencies when 1 GHz bands will be
populated).

Band Upper Group Approx. Phase Approx.
bandedge delay slope slope

MHz ps ps/100 MHz rad rad/100 Mhz
A 3032.40 4383.8 -83.5

3480.40 3327.7 -72,8
4032.40 2478.9 190.5 -62,8 -2.07

B 5272.40 1450.0 -48.0
5720.40 1231,7 -44,3
6272.40 1024.5 42.6 -40.4 -0.77

C 6392.40 986.4 -39.6
6840.40 861.4 -37.0
7392.40 737.5 24.9 -34.3 -0.54

D 10232.40 384.9 -24.7
10680.40 353.3 -23.7
11232.40 319.4 6.6 -22.5 -0.22

E 12232.40 269.3 -20.7
12680.40 250.6 -20.0
13232.40 230.2 3.9 -19.1 -0.16

data before the group delay observable will be composed in the fringe fitting process. One

of the main tasks there then will be to separate the ionosphere effect and the group delay.

In fourfit, the fringe fit is performed by finding that group-delay which maximizes the co-

herent sum of the residual fringe phasors over time and frequency. When the ionospheric

dispersion is non-negligible, fourfit is told to search "over a grid of potential differential

ionosphere TEC values as well to find a maximum coherent phasor sum via a parabolic

interpolation of the gridded values. This method of finding the maximum coherent sum

w.r.t. the group-delay has been shown to be equivalent to using least-squares estimation

in the region of the maximum" (Cappallo, 2015). Through an empirical test for the fre-

quency setup above (Tab. 6.1), Cappallo (2015) showed that the correlation coefficients

between the estimated group delay and dTEC value can be as large as 0.93. In addition,

the correlation coefficients between the reference phase φ0 and dTEC are as high as 0.99.

Although fourfit rather works along the lines quoted above, the least squares test shows

that the separation of dTEC from the group delay still leaves some room for improvement.

Unfortunately, an attempt to reduce the correlations through a frequency selection differ-

ent to that of Tab. 6.1 fails because the partial derivatives of τ (νi − ν0), φ (1), and dTEC

(−1.3445/νi) all remain in the same regime and, thus, cannot vary sufficiently to achieve
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a noticeable degree of de-correlation.
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Figure 6.5: Phase versus frequency for dTEC = 3 TECU and a group delay of 300 ps. Green
line with diamonds = non-dispersive delay, blue line with circles = dispersive
ionosphere acceleration, dashed magenta line = sum of dispersive and non-
dispersive effects on the delay

.

Kondo and Takefuji (2016) propose a different concept for the delay, phase, and dTEC

determination. Prerequisite in the VGOS context is that data from two linear polarization

signal chains are already combined to "polarization-free" total intensities as is the case in

the (pseudo) Stokes I approaches. The authors use a reference scan of a strong source to

identify non-linearity in the phases, including instrumental and dispersive (ionosphere) ef-

fects across all bands and sub-bands first. In a second step, the corrections are applied to

the visibilities of all other observations as well, and interim delays are determined which

still contain the dispersive ionosphere effects. In the last step, the dTEC values are deter-

mined starting with a coarse estimation of dTEC with a group delay model in order to avoid

phase ambiguity problems. The subsequent precise estimation then works on the basis of

the phases void of any ambiguities. While the first approach had a poor yield for weak

sources, a new method provided better results (Kondo and Takefuji, 2019). Here, a dTEC

search function with a (default) search range of ±20 TECU was introduced prior to the

least squares estimation.
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7. Mixed mode operations

For some time, legacy S/X radio telescopes and VGOS infrastructure will continue to exist

and operate in parallel. In order to allow for a link of the reference frames, both terrestrial

and celestial, which would otherwise stay independent next to each other, operations of the

two types of telescopes in joint observing sessions, called mixed mode sessions, is of great

interest to the community. Although this may sound trivial in general, the complications lie

in the details and especially in the different hardware concepts at the various telescopes.

For a start, let’s recall that the front and back-ends of the legacy telescopes normally

cover the frequency ranges from 2200 to 2400 MHz and 8200 to 9000 MHz while the

VGOS frequency bands are currently defined as 3000-4000, 5240-6240, 6360-7360, and

10200-11200 MHz. Per se, there is thus no overlap in frequency ranges, and legacy front-

and back-ends are rather inflexible for changes in receiving frequency ranges far away from

those for which the equipment is optimized. For this reason and because front-ends should

cover the full range from 2 to 14 GHz continuously, the VGOS receiving equipment has to

be adapted for the purpose of mixed mode observations.

The first issue is the characteristics of the feed horn. For example, the Quad Ridge Flared

horns (QRFH) have a nominal operating range of ≈2.3 - 14 GHz with a slow performance

roll off below 3 GHz. In this respect, the Eleven Feeds are better because their nominal

range starts at 1.4 GHz and frequencies around 2200 to 2400 MHz produce at least if not

more power than above 3000 MHz.

The most important peculiarities, however, are related to the down-link scheme. The

Haystack developments in the current prototype system split the LNA output into a low

(below 5.0 GHz) and high frequency (above 5.0 GHz) regime (Fig. 6.4) and transfer this to

the control room by coax and fiber optics cables, respectively (Niell et al., 2018). The "high"

band is realized by a 5 GHz high pass filter while the 3 GHz signals are sent via co-axial

cable to avoid potential RFoF saturation through RFI. Consequently, S band is transferred

in this "low" chain. A difficulty with mixed-mode observations comes from the sampler in

use. While the DBBC3 can place baseband channels freely within the input 4 GHz band, the

RDBE/RDBE2 systems of the Haystack developments use a polyphase filter bank with fixed

channel spacings. This limits the selectable frequency channels, which do not necessarily

match the standard S/X setups, and then requires a modification of the legacy frequency

spacing.

The AUSTRAL front-end design with QRFH feed horns splits the output of the LNAs with

one side going through a 3 GHz high-pass filter before entering the RF over Fibre (RFoF)

system. The other, unfiltered, output is connected into a legacy S band back-end with a

fixed 1900 MHz oscillator and bandpass filters. This is sent over existing coaxial cables to

the control room. So, it is this existing channel with a remotely-controllable RF switch (red

in Fig. 7.1) which permits to easily toggle between observing in the S/X and VGOS modes.

At Wettzell, the Ws telescope is equipped with additional hardware for decoupling S and

43



7 MIXED MODE OPERATIONS

Figure 7.1: Flow chart of Austral mixed mode setup (adapted from McCallum et al. 2022).
HPF = high pass filter, BPF = band pass filter

X band signals from the broadband LNAs with subsequent independent channel design.

An important feature of the hardware is a 90◦ hybrid linear to RCP circular polarization

element. Directly in the feed cone, the output of this is down-converted to the 500 to

1500 MHz IF band and transferred to the control room and the DBBC3 by separate coax

cables for the RCP S and X signals.

Except of the Wettzell design, which produces data, which is directly fit for a conven-

tional RCP data correlation, all other VGOS telescopes produce separate horizontally and

vertically polarized data streams. This, thus, requires legacy RCP vs. horizontal and legacy

RCP vs. vertical polarization correlations and subsequently a combination with mixed mode

fringe fitting (McCallum et al., 2022).
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8. Scheduling process

Observing VLBI sessions requires an active control process because it has to be guaranteed

that the telescopes forming one or several baselines point at the same quasar for the same

period of time. In addition, recording of the data has to be synchronized as well since

registration is not continuous to make optimal use of the recording media. Under these

premises, observing schedules are prepared a few weeks before the observing date. They

contain the start and stop times for every telescope in the network for every individual

observation. Assuming a network of up to 20 telescopes, multiple configurations of subsets

of these telescopes form so-called scans of one quasar at a time. The composition of these

subsets always depends on the visibility of the quasar from a certain area on the Earth’s

surface. In the end, a schedule for an observing session of 24 hours may consist of thousands

of scans. The word scan is actually used if two or more telescopes simultaneously observe

the same radio source. Each scan produces n · (n− 1)/2 individual delay observations for

n telescopes in the same scan.

The preparation of the observing schedules is of great importance to the overall results

because it defines the geometric configuration of the parameter estimation. In this respect

it is comparable to geodetic network optimization (e.g., Grafarend and Sansó, 1984, Amiri-

Simkooei et al., 2012).

The planning of VLBI observations, in fact, is rather complicated because there are many

parameters which have to be taken into account. The first question to answer always is

whether a quasar is actually above the horizon at the telescope. This can be deduced

from a pure geometric consideration resulting from the position of the quasar in a sky-

fixed celestial reference frame (see Sec. 11.1.2) and the coordinates of the telescope in

the terrestrial frame transformed into its instantaneous location in an geocentric celestial

reference frame. To first order this is just a simple rotation about the Earth rotation axis

with the local hour angle hloc . With some generalization it is computed with the right

ascension α, the longitude of the telescope λ, Universal Time U T , and Greenwich Mean

Sidereal Time (GMST) at 0h UT according to

hloc = GMST0h +UT · 1.00274+λ−α. (8.1)

For any radio source with its right ascension α and declination δ and any telescope with

its geographic latitude Φ and its instantaneous hour angle the respective azimuth A and

elevation ϵ can be computed according to Mueller (1969)

tanA=
− cosδ sin hloc

sinδ cosΦ− cosδ cos hloc sinΦ
(8.2)

sinϵ = sinΦ sinδ+ cosΦ cosδ cos hloc . (8.3)

Querying the local horizon mask of each telescope, which may be limiting the observable
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section of the sky, the question is answered whether a radio source is observable at a certain

instant of time. By default, VLBI observations are carried out down to the threshold of

ϵ ≥ 3◦.

Due to the fact that cable links between the fixed ground part and the turning elements

need to be secured from over-twist, all azimuth-elevation telescopes are limited in their

azimuth rotations. Normally, a full circle is augmented by some reasonable arc length in

clockwise and counter-clockwise directions to allow for continuous tracking at all direc-

tions. Technically, this is often realized by a spiral tray holding the cables and allowing the

diameter to change depending on the rotations of the telescope (Fig. 8.1). At the Wettzell

13.2 m twin telescopes, the wrapping mechanism keeps the total curvature of the twist con-

stant over the whole cable lengths but the maximum bending is shifted depending on the

azimuth.

Figure 8.1: Cable wrap mechanism below the turning heads of the Wettzell 20 m telescope
(left) and the 13 m telescope (right).

o
270 90

o

N

Az

Figure 8.2: Example of cable wrap limitations (-90◦ to +90◦). N.B.: Position Az may be
reached by two different azimuth values
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In the scheduling process, special care has to be taken that the duration of the slew

from one azimuth to another is computed correctly taking into account that sometimes the

shortest path is blocked by the antenna limits. These limits are tabulated, for example in

the SKED catalog file, in clock-wise direction. In the example in Fig. 8.2, the left-most limit

is -90◦ and the right-most, after a full clock-wise turn, is +90◦. To keep the limit count

always positive, SKED would list these limits as 270◦ and 810◦, respectively.

For each source the duration of the observation has to be calculated. This mainly depends

on a predefined minimal signal-to-noise ratio (SNR) which is normally set at a level of 25

to 35. For each source, the necessary integration time is computed according to Eq. 3.3

depending on the correlated flux density of the source and the sensitivity of the telescopes

represented in system equivalent flux densities (SEFD) according to Eq. 3.13. For the

damping caused by the atmosphere the SEFD at zenith (Szeni th
s ys ) has to be scaled according

to Gipson (2016) p. 170 by

Ss ys(ϵ) = Szeni th
s ys · f (ϵ). (8.4)

In its simplest form, the scaling factor f (ϵ) is a mapping function just as 1/ sinϵ. A more

complex model

f (ϵ) =
n
∑

i=1

ci

(sinϵ y)i
(8.5)

is being used in the SKED scheduling program (Gipson, 2016), where n is the number of

terms (usually 1 - 3), ci is the coefficient for the ith term, and y is the power of the sinϵ term

(0 ≤ y ≤ 1). Since it takes quite some effort to determine the coefficients and power law,

these are available only for a few radio telescopes such as those of the Very Long Baseline

Array (VLBA) (Petrov et al., 2009) with c1 close to 1.

These mapping functions lead to an increase of the SEFDs already by a factor of 2 at

ϵ = 30◦ increasing sharply below. For this reason, observations close to the horizon need

much longer integration times than those near zenith.

The final observing schedule is constructed in a sequential forward mode where new ob-

servations are being selected to fulfill an optimization criterion. Most operational observing

schedules are generated to optimize the sky coverage at each telescope in a way that the

hemisphere above each telescope is filled homogeneously with observations as much as

possible for a good estimation of the atmospheric refraction parameters (Fig. 8.3 and 8.4).

It should be noted here that due to the fact that the atmospheric refraction parameters

are often estimated as linear splines with interval lengths of, e.g., 1 hr, the sky coverage is

actually evaluated only for the hour preceding the current instant.

The generation of the observing schedules is a contemporary field of research and many

innovative optimization schemes have been devised (e.g., Baver et al. (2012), Steufmehl

(1994), Sun et al. (2014), and Uunila et al. (2012)). In the scheduling process itself, we

assume a start scenario where all telescopes point at the same quasar. The question to

answer is which is the next observation fulfilling the optimization criterion. To answer this,

47



8 SCHEDULING PROCESS

0

30

60

90

60

30

0

0 30 60 90 60 30 0

Observations from schedule file ./skd_files/r1823.skd for experiment R1823    (  1020 scans) page 1

FORTLEZA (Ft)  283 scans

0

30

60

90

60

30

0

0 30 60 90 60 30 0

Observations from schedule file ./skd_files/r1823.skd for experiment R1823    (  1020 scans) page 1

HART15M (Ht)  430 scans

0

30

60

90

60

30

0

0 30 60 90 60 30 0

Observations from schedule file ./skd_files/r1823.skd for experiment R1823    (  1020 scans) page 1

ISHIOKA (Is)  228 scans

0

30

60

90

60

30

0

0 30 60 90 60 30 0

Observations from schedule file ./skd_files/r1823.skd for experiment R1823    (  1020 scans) page 1

KATH12M (Ke)  426 scans
Figure 8.3: Local sky coverage of

observations at telescope
HART15 (South Africa).
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observations at telescope
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for all possible candidates the next possible start time is computed from the slew rates of the

telescopes and the minimum scan lengths for each baseline according to the SNR threshold.

The final selection is then taken in agreement with some predefined minor options such as

maximum scan length, minimum separation between observations of the same source. For

more details of the geodetic scheduling procedure see Gipson (2016).
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9. Special considerations of observing systems

9.1. Telescope deformations

9.1.1. Thermal deformations

Since radio telescopes are constructed with concrete and metal elements, we can expect

that thermal expansion of the mechanical components leads to effects which need to be

modeled. The main effect is the displacement of the VLBI reference point by thermal ex-

pansion of the telescope support structure. This is mostly modeled by applying the ambient

temperature to the telescope dimensions (Nothnagel, 2009) but examples exist where ther-

mal expansion is actually measured on the telescopes directly with the help of invar rods

(Johansson et al., 1996; Zernecke, 1999).

In most cases, however, the effects of thermal expansion are being modeled more rigor-

ously by applying the expansion coefficients to the dimensions of all mechanical compo-

nents of the telescopes. If we first consider only the support structure up to the elevation

axis of an azimuth-elevation telescope, this normally consists of some concrete foundation

and a tower produced of steel. Depending on the material, these have two slightly differ-

ent expansion coefficients. Examples are γ f of 1.0× 10−5 [1/◦C] for a concrete base and

γp = 1.2× 10−5 for the steel tower.

VLBI reference point

elevation axis

azimuth axis

p

hf

AO

hv

hs

h

ε

positive axis offset

azimuth axis

hp

hf

hv

hs

AO

elevation axis

VLBI reference point

axis offset
negative

ε

Figure 9.1: Alt-azimuth telescope mount with positive axis offset (left) and negative axis
offset (right).

Another part of the telescope, where stability counts, is the superstructure of the telescope

being responsible for the path length of the signal. In an ideal situation the total path

length through the reflecting optics is considered to be stable for any direction on the sky.

However, thermal expansion cause path length variations due to changes of the focal length

of the telescope (Artz et al., 2014). In addition, the expansion of the legs of the quadrupod

holding the sub-reflector or the feed horn in primary focus produces an extra path length
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Figure 9.2: Polar telescope mount (left) and XY mount (right).

at higher temperatures. Figs. 9.1 and 9.2 display and denote the components which are

affected by thermal expansion. Applying a conventional reference temperature of T0 and

a time lag of t − ∆t (Nothnagel, 2009), the elevation dependent effect on the delay of

telescope i can be computed according to

∆τtherm.i =
1
c
·
�

γ f · (T (t −∆t f )− T0) · (h f · sinϵ)

+γa · (T (t −∆ta)− T0) · (hp · sinϵ)
�

. (9.1)

Variations of the path length due to changes in the height of sub-reflector h f have adverse

effects only within the time frame of a single session of 24 h duration because the mean

effect is compensated for by the clock offset parameter in the estimation process (Sec.

11). With higher resolutions of the clock parameters down to 1 h and below, the effect

is mitigated even more and the level of remaining path length variations is generally less

than 1 mm. They can be modeled if all dimensions and material properties are known

(Nothnagel, 2009). Consequently, variations in the height of the VLBI reference point due

to thermal expansion have the biggest effect. For a telescope of 20 m diameter, the height

of the elevation axis is roughly 12 m causing a height variation effect of almost 3 mm

originating from a 20◦ C temperature difference between winter and summer.

9.1.2. Gravitational deformations

The superstructure of the telescope is also responsible for path length variations of the signal

due to gravitational deformations. Here, also changes of the focal length of the telescope

and of the distance between the vertex of the main reflector and the sub-reflector or prime

focus receiver due to changes in the gravitational load produce extra path lengths. Besides

this pure geometric effect, the focal characteristics may be disturbed slightly leading to

phase noise from different sections of the reflecting surfaces but these are estimated to
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appear only in the SNR budget and have to be neglected.

The gravitational deformations of the paraboloid and the sub-reflector create different

path lengths in general but also depending on the radial distance from the optical axis. They

are more critical than those of thermal origin because they are purely elevation dependent

and thus change from observation to observation. As has already been investigated by

(Clark and Thomsen, 1988), for a prime focus telescope, the deformations can be separated

in three different components which are all elevation angle ϵ dependent: a) the change of

focal length ∆F , b) the movement of the vertex of the paraboloid ∆V , and c) the shift of

the feed horn or the sub-reflector in radial direction ∆R (Fig. 9.3). The extra path length

∆Lgrav can then be composed of

∆L(ϵ) = αF∆F(ϵ) +αV∆V (ϵ) + γαR∆R(ϵ). (9.2)

o
= 90ε

= 0ε
o

∆R

∆V

θ

∆F

Figure 9.3: Gravitational deformations of telescope optics: Solid lines represent geometry
at 90◦ elevation angle, dashed lines that at 0◦. ∆V is the shift of the vertex of
the telescope,∆F is the change in focal length,∆R is a shift of the sub-reflector
(in case of a secondary focus telescope) or of the feed horn (in case of a primary
focus telescope).

The coefficient γ is equal to 1 for prime focus telescopes and 2 for secondary focus tele-

scopes. The net effect of the elevation-dependent displacements ∆F, V, R on the extra path

length depends on scaling coefficients αF/V/R. Here, the scaling coefficients αF and αV

according to Clark and Thomsen (1988) are linearly dependent on αR, i.e.,

α′V = −1−α′R (9.3)

α′F = 1−α′R. (9.4)

where the V ′, R′, F ′ indicate that these are parameters for prime focus telescopes. For

Cassegrain systems as a type of secondary focus telescopes, (Abbondanza and Sarti, 2010)

developed the relationships

α′′V = −1− 2α′′R (9.5)
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α′′F = 2− 2α′′R . (9.6)

The initial concept for the computation of αR by Clark and Thomsen (1988) assumed that

all of the reflecting area of the main reflector contributes to the total change of path length

in the same way. However, feed horns are always constructed in a way that they have

only a limited aperture angle matching the dimensions of the reflector system to avoid

unwanted spill-over from beyond the edge. Since this cannot be realized purely binary,

i.e., homogeneous for the area of the reflector system and zero beyond, the feed horns

are constructed with an edge taper. This realizes a roughly exponential drop of sensitivity

towards the aperture angle needed to illuminate the reflector system (Fig. 9.4)

-25

-20

-15

-10

-5

0

0 1 2 3 4 5 6 7 8

G
a
in

[d
b
]

Opening angle [deg]

Figure 9.4: Edge taper characteristics, a) as an exponential (black) and b) as a sin2 function.

The function, which describes the drop in sensitivity depending on the aperture angle θ

(Fig. 9.3), is called the illumination function and in essence serves as a weighting function

for the aperture of the telescope depending on the radial distance from optical axis, i.e.,

signal paths near the optical axis have a much higher weight than those near the rim of the

main reflector.

The determination of the exact illumination function heavily depends on measurements

of the gain at multiple aperture angles of the feed horn which can be easily transformed

into metric separations of the point of incidence on the main reflector from the optical axis.

Unfortunately, for most telescopes only the relation between the gain on-axis and at the

edge is available. With only two points of the function, this leaves room for interpretation

in the sense that the shape of the function is at the discretion of the analyst with Gaussian,

binomial and cosine-squared models at hand (Abbondanza and Sarti, 2010; Artz et al.,

2014). Since this is a fairly new area of research, any further studies on this need to request

more detailed measurements of the illumination functions on site.

The coefficient α′R for a prime focus telescope, which scales the shift of the feed horn in
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primary focus (Clark and Thomsen, 1988), is

α′R = 8π f 2

∫ t2

t1

In(t)
1− t2

1+ t2
t d t (9.7)

where t1 = r1/2F and t2 = r2/2F with the radial distances from the vertex r1 and r2,

measured in the aperture plane. The distance r1 generally is non-zero because most radio

telescopes have some sort of feed horn housing at the vertex which needs to be excluded.

In is the normalized illumination function.

For a secondary focus Cassegrain system, Abbondanza and Sarti (2010) derived

α′′R = 2π(F2 − a2)2
∫ t2

t1

In(t)
t

t2F2 − a2
t d t (9.8)

with t = r/2F for the scaling coefficient, again applying a weighting through the nor-

malized illumination function In. The parameter a is the reference semi-major axis of the

ellipsoid at 90◦ elevation.

For a Gregorian system, Artz et al. (2014) adopted a similar derivation but with an im-

plicit illumination function on the basis of a cosine-squared model. Here the sub-reflector

is a triaxial ellipsoid with its longest extension in the z direction and with the first two

semi-major axes (a and b) being identical. If the sub-reflector is displaced, the travel time

increases by a factor of

α′′R =

∫ r2

r1

k · 10
c0+c1 ·cos2 θ

10 ·
1
2
(D′2 + D3 − 2a) dr (9.9)

with the normalization coefficient k (Abbondanza and Sarti, 2010). D′2 the distance be-

tween the focus of the sub-reflector and point of incidence on the sub-reflector and D3 the

distance between the point of incidence and the focal plane of the secondary focus (Fig.

9.5). The aperture angle θ can easily be deduced from r. c0 and c1 are the coefficients of

the cos2 function.

Every telescope has its own set of coefficients αF/V/R. A rough number for αR′′ for a

secondary focus telescope is 0.9 (1.06 for Effelsberg (Artz et al., 2014) and 0.8 for Medicina

or Noto (Abbondanza and Sarti, 2010)) which, according to Eq. 9.5 and Eq. 9.6, lead to

αV ′′ = −2.8 and αF ′′ = 0.2. This indicates that changes in the position of the vertex of

the paraboloid relative to the VLBI reference point have about a ten times larger effect on

the signal path length than changes in the focal length and 3 times larger an effect than of

changes of the sub-reflector position.

Similar relations also apply for primary focus telescopes where Abbondanza and Sarti

(2010) quote an αR′ of about 0.7 resulting in an αV ′ = −1.7 and an αR′ = 0.3 according
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Figure 9.5: Components of path length in telescope optics.

to Eq. 9.3 and 9.4. Here, the multiplication factor of a shift of the vertex of the paraboloid

is about a factor of 2.5 larger than that of the feed horn αR′.

Although variations of ∆R may originate from several phenomena, we only have to con-

sider line-of-sight shifts of the sub-reflector or feed horn (Fig. 9.3) in the telescope-fixed

reference frame. Position variations predominantly happen due to gravitation when the

telescope is tilted, e.g., by bending of the struts holding the receiver (Sarti et al., 2009).

These need to be measured locally. Presently, the most suitable technique for measuring the

deformations of the primary reflector resulting in a ∆F is terrestrial laser scanning (TLS).

Performing these at discrete elevation angles between zenith and horizon provide reliable

estimates of the changes in focal length (Artz et al., 2014; Holst et al., 2015; Sarti et al.,

2009). In some cases, the other parameters (∆R, ∆V ) can be deduced from the TLS re-

sults (Artz et al., 2014) but often they need other sensors mounted on the structure of the

telescope (Bergstrand, pers. comm.).

9.2. System calibrations

From the feed horn of the telescope, the signals pass through various components of the

receiving system before they are digitized and time tagged (see Sec. 3). It is quite natural

that the signals suffer from system delays and phase changes which are neither constant

nor predictable (Clark et al., 1985). To calibrate these changes, two electronic components

have been devised which are now part of the standard VLBI hardware of most radio tele-

scopes. The first is the phase calibration (often abbreviated as phase-cal or Pcal) system,

the second is the cable calibration (often abbreviated as delay-cal) system. The systems

together serve to calibrate instrumental delay and phase changes. The cable-cal system

consists of a ground unit and an antenna unit (Fig. 9.6). In addition, many telescopes

utilize noise calibration systems. These are employed to determine the thermal-equivalent

of the system noise, which is called noise temperature and is measured in Kelvin.
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Figure 9.6: Equipment for phase and cable calibration.

9.2.1. Phase calibration system

In the phase-cal system, a comb of Dirac pulses of 1 ps (legacy S/X system) or 5 or 10 ps

(VGOS system) repetition rate (Fig. 9.7) are injected near the feed horn (Fig. 9.6). Origi-

nating in an implicit Fourier transform from the time into the frequency domain, the pulses

appear as spikes repeating every 1, 5 or 10 MHz, respectively, over the whole radio fre-

quency spectrum, which means that they appear in all of the frequency sub-bands. Since

these tones possess a phase, they can be used as phase calibration signals. For this purpose

they are added to the noise from the quasars, travel through the same electronic compo-

nents, and are finally recorded as part of the combined signal. The phase calibration tones

are extracted again as part of the correlation process (Sec. 10). While the phase-cal tones

need to be strong enough for good detection, the power in the tones should be kept at

about 1% of the quasar noise to avoid reducing the quasar signal-to-noise ratio (Fig. 9.7).

In VGOS systems with the total bandwidth spanning 12 GHz, the amplitude tends to de-

crease towards the higher frequencies due to the finite rise time of the Dirac pulses. For

this reason, the pulse generation components should be designed to allow for extremely

sharp pulses.

Phase calibration serves two purposes. The first one is that inherently the phase cali-

bration marks the time epoch when a certain signal component has actually arrived at the

feed horn. This can be considered as a timing reference. The second purpose is that for

bandwidth synthesis, multiple sub-bands are processed in the system, i.e., digitized and

down-converted, and dispersive effects occur to the phase of each sub-band. These lead to

spurious delays according to Eq. 2.6 which are variable. Phase calibration (Sec. 10.7) is

55



9 SPECIAL CONSIDERATIONS OF OBSERVING SYSTEMS
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Figure 9.8: Phase calibration tones in the frequency domain within a single sub-band of,
e.g., 16 MHz width.

applied in the fringe fitting process (Sec. 10.5).

9.2.2. Mark III delay calibration system

The unit producing the phase calibration signal is located very close to the feed horn (Fig.

9.6). It receives its reference frequency from the H-Maser through a 5 MHz distributor

which also supplies the local oscillators with phase coherent frequencies. This link (nor-

mally between the electronic rack in the control room and the receiver unit near the feed

horn) is subject to changes in the electrical path caused primarily by temperature variations

and by bending and twisting of cables. Coefficients of phase delay sensitivity to tempera-

ture of coaxial cables can reach up to 100 ppm/K7, while optical fiber has a sensitivity of

less than 10 ppm/K. For a 30 m cable, this amounts to 10 ps/K and 1 ps/K, respectively.

Since the length change causes an equivalent change in delay and the temperature-driven

cable delay changes on time scales of minutes to hours, a calibration system was designed

and implemented in the early Mark III system era (Rogers, 1980) as a component of the

phase and group delay calibration system. It is called cable calibration system, a.k.a. delay

calibration system, and was realized as a two-way system with a ground unit and an antenna

unit (Fig. 9.7). In the Mark III system, a 5 MHz signal is used to generate the phase cal

tones as described above. Part of this signal is offset in frequency by 5 kHz by the cable

calibration antenna unit and send back to the cable calibration ground unit, where the

frequeny offset is removed, and where the phase is compared to the the up-going 5 Mhz

signal (Fig. 9.9). More concretely, the signals whose phases are to be compared are mixed

7https://ivscc.gsfc.nasa.gov/meetings/v2c_wm1/phase_stability.pdf
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down from 5 MHz to 25 Hz using a local oscillator signal with frequency 5 MHz minus

25 Hz (Rogers, 1980). Through this manipulation, the 5 MHz signal is spread in time by a

factor of 200, 000 (5MHz
25Hz ). The outputs of the comparator are two 25 Hz square waves, one

from the antenna unit and a reference signal generated from the 5 MHz signal from the

H-Maser. The relative phases of these two 25 Hz signals are equal to the relative phases of

the two 5 MHz input signals. For the difference of the outgoing and incoming trigger points

at the ground unit, each count of an off-the-shelve start-stop counter operating at a 5 MHz

clock rate is, thus, equivalent to 1 ps (= 1
5MHz/

5MHz
25Hz =

1
(5MHz)/200,000) or 1.8 × 10−3

degrees (Rogers, 1980).

antenna

unit
to dewar

1 pps

5 MHz

ps comparator

ground

unit

5.000 MHz

5 MHz + 5 kHz

counter

Figure 9.9: Legacy Mark III cable calibration system

Since the counter readings are differences of round-trip delay, the one way delay or phase

difference is half of that. In addition, the counter readings monitor only the variations, and,

thus, they are only relative to some arbitrary reference, e.g., the phase at the start of the

session. Furthermore, the counter cannot distinguish whether the trigger signal of the re-

turning wave comes before or after the trigger signal of the outgoing wave (25 Hz seems

to be large enough for this but the initial state of the counter prohibits a clear distinction).

For this reason, the counter reading can have either a positive or a negative meaning, al-

though the reading itself is always positive. To figure out the sign, station staff are asked

to carry out a verification measurement. At the beginning and the end of a session, apiece

of cable of approximately 30 cm length is inserted in the uplink cable and a cable reading

is performed. If this reading is larger than the reading without the extra cable length, the

sign of the cable calibration recordings is positive; if it is smaller, the sign is negative.

All readings are recorded in the station log to be used for calibration in the data analysis

process (Sec. 11). Often, the effect of the extra piece of cable inserted at the beginning

and/or the end are clearly visible when the delay-cal values are plotted.

Arthur Niell: "However, the initial purpose of the cable-cal calibrator was to monitor

the long-term stability of the signal chain. Each calibrator cable was carefully measured

with an accuracy of a few picoseconds before being sent to the station. If monitored by

the station, any change in value could provide either an alert to unexpected changes or a

record of changes in the signal chain."
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9.2.3. VGOS Cable Delay Measurement System (CDMS)

For VGOS systems, MIT Haystack Observatory developed a new calibration system for de-

termining instrumental effects such as cable delays, signal phase, and signal amplitude.

The operation of the cable length calibration is similar to that of the Mark III system (Sec.

9.2.2) with cable delay and phase calibration facilities realized within a ground and an

antenna unit.

The ground unit requires externally provided signals of 10 MHz, 5 MHz, and 1 pps with

the stability of a hydrogen maser. The delay stability is designed to exceed 1.8× 10−14 at

30 s or 1× 10−16 at 50 min (Allan standard deviation).

1 pps

10 MHz

5 MHz

5−100 Hz

5.000 MHz up

5.001 MHz downground antenna

unit unit
to dewar

control

Figure 9.10: MIT Haystack Observatory cable delay measurement system (CDMS). Here,
the measurement signal on the downlink is 5 MHz plus 1 kHz.

The CDMS also contains an amplitude calibration feature in the form of a broadband

noise source. The noise amplitude is calibrated using a programmable controller for the

noise signal, which is injected at the antenna feed with a 50% duty cycle square wave with

a switching rate of 5 -– 100 Hz. This noise signal can be detected by a digital backend to

provide a time tagged system temperature table that is delivered with the primary fringe

visibility data.

9.2.4. VGOS proxy cable calibration

Unfortunately, not all telescopes possess a delay calibration unit with sufficient perfor-

mance, and on some occasions the unit may malfunction. For these situations, a proxy for

the in-situ measurements has been devised to be employed at the analysis stage. The so-

called proxy cable delay measurements are based on the idea that any electrical path length

variations in the 5 MHz cable are common to all bands, sub-bands and polarizations, and

thus the delay should show up as a linear phase change vs. frequency which contributes to

the phase-cal in addition to any variation due to the signal chain instrumentation.

The cable-cal delay usually varies slowly with time since the primary cause for variation

is changing temperature of the cable. By slowly is meant that over the length of the piece-

wise linear clock approximation in the geodetic estimation, the cable delay change can also

be approximated as linear and this will be subsumed by the clock parameter.

In addition to providing information on the slow changes in cable delay, the cable-cal

measures variations due to bending and twisting of the cable caused by antenna motion in
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azimuth and elevation. For VGOS this timescale is a minute or less, and due to the schedul-

ing requirement to cover the full visible sky at a site as quickly as possible, all azimuths

and elevations will be sampled in about ten minutes. If there is a variation in the cable

delay that is related systematically to antenna orientation, this will dominate the variation

within the clock estimation interval (after removal of the linear-with-time clock term) and

can result in an apparent antenna position displacement. Since the phase cal across all

frequencies provides a measure of the electrical path length from the origin of the 5 MHz

reference, up the cable to the phase-cal generator, and down through the signal chain, the

delay calculated from all of the phase cal tones within a scan can be used as a measure of

the cable delay, similar to what would be obtained by the CDMS. In particular, this proxy

cable-cal responds to the orientation-dependent delay changes in the 5 MHz cable and can

be applied as though it were a CDMS (Niell et al., 2018).
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10. Correlation and fringe fitting

10.1. General overview

The VLBI time delay τ is defined as the travel time of a plane radio wave which passes

station 1 and then reaches station 2. At this point we are not going into detail how the ref-

erence point at each station is defined, but rather focus on the question how we can compare

the recorded bit-streams from each station and extract quantities like group delay, phase

delay, delay rate and signal-to-noise ration (SNR) , respectively correlation amplitude. Be-

fore we have a look into theoretical aspects and study the actual correlation process, it

might be good to reflect on the geometrical situation and the technical aspects of VLBI.

If we consider two VLBI stations distributed arbitrarily on the globe, we can easily identify

the range of possible delays to be within

−Re

c
≤ τ≤

Re

c
, (10.1)

where Re is the radius of the Earth and c denotes the speed of light. Thus, any VLBI delay has

to lie between these boundaries which evaluate to approximately 21 ms. Without stating

explicitly, we have assumed for this simple estimate, that the station clocks are synchronized

to UTC sufficiently well. While this is not a straightforward task and requires the use of

GNSS receivers, VLBI stations can normally synchronize their time-tagging units to UTC

within ±1 µs. Revisiting the VLBI overview depicted in Fig. 1.2 one has to consider that

the situation shown there is a static snapshot. During an actual VLBI observation, two main

effects due to temporal variations need to be considered. First, the Earth is rotating during

a scan is recorded. Thus, similar to GNSS, one needs to take into account a Doppler effect

which impacts the data stream at each station in a way that the recordings suffer from

delay rate effects. As similar but smaller contribution might also come from the frequency

standard at each station, which very likely drifts from its nominal frequency and thus adds

another delay rate-like effect. Ignoring higher order temporal effects, we can thus state

that the correlator’s task to find the delay τ between two stations can only be achieved if,

at the same time, the delay rate τ̇ between the recorded data streams is taken into account

properly. This means, that the correlator’s task can be summarized as finding the most

likely values for delay and delay rate that relate the sampling data from station 1 to those

of station 2.

As will be addressed in more detail later, the correlation process is actually limited to

a small search time interval applying a priori delays (to be re-added again at the end)

from a priori geometry and clock offset information. Furthermore, a single observation is

first decomposed in data chunks of individual periods of 0.1 to 1 s, so-called accumulation

periods (APs), which later on are combined again. First, each sub-band sub-band is looked

at separately and at the end these are combined as well leading to bandwidth synthesis (cf.

Sec. 3).
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10.2. Making use of the cross-correlation theorem

Ignoring for a moment that recorded signals suffer also from non-zero delay rate effects,

and assuming that signals are captured with infinite temporal and spectral resolution we

can write the cross-correlation function8 as

C12(τ) = Corr(s1, s2) =
1
T

∞
∫

−∞

s1(t)s2(t −τ)d t. (10.2)

where s1 and s2 denote the continuous recordings at station 1 and station 2 (Thompson

et al., 2007). Since we can only sample in discrete time steps and we should consider the

geometrical constraints discussed before we have to collect a sufficiently large number of

samples in order to be able to identify the correlation peak that corresponds to the time

delay between the two recordings. We have to restrict ourselves also to a certain bandwidth

B when we collect our samples which implies that we have to obey the Nyquist theorem

which suggests that we should record one independent sample every ∆t = 1/(2B). Thus,

the finite integral from Eq. 10.2 turns into

C12[τ] =
1
N

N
∑

k=1

s1[k]s2[k−τ], (10.3)

where τ is considered to be a discrete (or integer) delay that has a granularity of∆t. Before

we discuss how we can achieve a sub-sampling delay resolution, we should look for efficient

ways to compute the cross correlation function.

Considering that the integral in Eq. 10.2 looks almost like the convolution of two functions

s1 and s2 which is defined as
∞
∫

−∞
s1(t)s2(τ− t)d t and expressed in the form

s1 ∗ s2 =F−1 (F (s1) · F (s2)) , (10.4)

where F and F−1 are Fourier and inverse Fourier transforms.

10.3. Efficient ways to obtain the cross correlation and cross spectrum
functions

In order to obtain the correlation function rather than the convolution between the two

signals, we only need to flip the 2nd signal’s time order, i.e. changing from t − τ to τ− t.

However, this corresponds to a simple multiplication of the frequency axis with −1 in the

Fourier domain. Furthermore, if S( f ) is the Fourier transform of a signal s(t) then we are

looking for S(− f ). Fortunately, we can can make use of another very useful relation that

states that S(− f ) = S( f ) where long bar indicates the complex conjugate operator. Thus,

8In radio astronomy τ is often defined as the delay w.r.t. the second station, which would change the sign in
the following equations
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we have found a very simple and elegant way to express the correlation function C12(τ) by

two Fourier transforms, a multiplication of Fourier coefficients and a single inverse Fourier

transform, i.e.

C12(τ) =
1
T
F−1
�

F (s1) · F (s2)
�

, (10.5)

Since we deal with discrete and finite sampling data we can replace the continuous Fourier

transformation by Fast Fourier Transform (FFT) operations and obtain the cross correlation

function by

C12[τ] =
1
N

IFFT
�

FFT(s1) · FFT(s2)
�

. (10.6)

Please observe that the cross correlation function is now implicitly defined as a complex

function and its absolute value would correspond to Eq. 10.2 in case s1 and s2 were real-

valued data streams. As we will see later, the original raw sampling data are of course real

valued, but down-conversion or signal preprocessing steps can be preformed easier when

dealing with complex-valued data streams. Often we are not after the cross correlation

function, but try to access the so-called cross-spectrum between the two recordings,

C12[ f ] = FFT(s1) · FFT(s2), (10.7)

which can be turned into the cross correlation function at any point by applying an inverse

Fourier transform. We could have also obtained the cross spectrum from Eq. 10.3, if we

apply the Fourier transform on the cross correlation function, i.e.,

C12[ f ] = FFT

�

1
N

N
∑

k=1

s1[k]s2[k−τ]

�

. (10.8)

Thus, we have found two ways, summarized also in Fig. 10.1, to perform the correlation

s1(t)

s1(t)

C12(t) C12(f) 

s1(t)

s1(t)

F(s1) 

C12(f) 

F(s2) 

XF FX

Figure 10.1: Schematic overview of XF and FX correlator architectures.

respectively the cross spectrum between the two signals s1 and s2. If we follow the con-

cept of Eq. 10.8 we denote this choice as XF correlation, which indicates that the cross

correlation is performed first in the time domain and then the Fourier transform is applied.

If we, on the other hand, follow what is implicitly expressed in Eq. 10.7 we perform two
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FFTs first and then multiply in the spectral domain, which is the reason why this choice is

called FX correlation. In the end the cross-spectra will be the same, but as it turns out, FX

correlation is preferable for nowadays VLBI operation due to the fact that FFT operations

scale by O(N · log2(N)) and thus outperform the classical XF approach already for a very

small number of lags.

In order to understand why the cross spectrum appears to be the main target in correla-

tion rather than the actual correlation function, we need to reflect on the fact that we are

dealing with sampling data rates of several mega-samples per second (MSps) and thus can-

not correlate the whole length of the data stream, but we will process that data in shorter

pieces, so-called accumulation periods (APs), which in the ideal case even matches order-

of-two FFT sizes and thus lead to a higher performance of FX type correlators. As long as we

preserve coherency among those batches of spectra we can simply add them, i.e. integrate

them and then perform the inverse Fourier transform on the stacked spectrum. Moreover,

having access to the complex spectra in each of these batches allows us to compensate for

delay and delay rate effects in a computational efficient way so that coherency can be pre-

served rather straightforward. Since the relation between the cross spectral characteristics

and the corresponding correlation function is crucial for understanding the overall correla-

tion process, Fig. 10.2 illustrates three simple cases that allow the reader to reflect on the

concept of correlation. For the sake of simplicity we have created a short 64 sample data

set of purely complex random data. From this data we created a second dataset which was

circularly rotated by 5 lags. Thereafter, both data streams were Fourier transformed and the

cross spectrum was obtained following Eq. 10.7. The first row in Fig. 10.2 contains three

plots depicting the corresponding cross spectrum characteristics (amplitude and phase) and

the normalized cross correlation function. As for the latter, we can see that the correlation

peak appears exactly at a lag distance of 5, which is what we would have expected based

on how we have generated the second data set. We can also observe that the phase of the

FFT points linearly varies with frequency. Thus, we have graphically confirmed the crucial

relation between correlator phase φ and the delay τ, which is usually expressed as

φ = 2πντ. (10.9)

This means that any delay between the two data stream manifests itself as a phase slope

in the cross spectrum. In general, we can state that a phase slope in the cross spectrum

will lead to a peak in the cross correlation function. Equipped with this knowledge we can

now study two other situations, the impact of noise and the effect due to finite bandwidth.

If we add a certain amount of noise to the second data set and perform the same analysis

as before we obtain slightly different results as depicted in the middle row of Fig. 10.2. As

expected, the phase slope in the cross spectrum becomes more noisy, which is not a surprise

since we are no longer comparing only time shifted data but need to consider that the data-

sets are now corrupted by the addition from a certain noise contribution. The other effect
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Figure 10.2: Correlation examples based on a synthetic data set. See text for a description
of each row’s content.

which we can observe is that the correlation amplitude is no longer one as in the case

of identical samples, but has decreased significantly. If we define the ratio between the

correlation peak and the mean of the correlation function without that peak as the signal-

to-noise ratio (SNR) we have gained a very intuitive understanding of how noise actually

impact the SNR. Since a large SNR relates to a clear peak detection it is obvious that SNR

will later (see Sec. 11) be used as a proxy to describe the uncertainty or precision of a delay

measurement.

If we are not only considering noise contribution, but take into account that we are

bounded to sample only over a very limited bandwidth, we can carry out another simulation

(last row in Fig. 10.2) that depicts this effect very illustrative. Reducing the bandwidth can

be easily simulated by setting the complex cross spectrum outside a certain pass band to

zero and then perform the inverse Fourier transform to access the cross correlation function.

When doing so, we can observe that the correlation peak is still around the 5 lags where

we would have expected it to be, but we can also observe that the correlation peak is

no longer identified by a sharp peak but is now located on the highest point of what can

be approximated well be a quadratic function. In addition, the peak height has further

decreased and together with our observation that the peak is now surrounded by a broader

range of large values it is again very intuitive that we can deduce a relationship to SNR.
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We can now directly relate to what we have defined in Eq. 3.3, where Ts ys is an equiva-

lent measure of the noise contributions and ∆ν represents the effective bandwidth of the

receiving system. Lower noise (or lower system temperature) leads to a higher correlation

peak and thus to a higher SNR. A wider bandwidth, together with a longer observation

time, leads to a clearer phase slope in the cross spectrum and thus a higher and narrower

peak in the cross correlation function which in the end translates to a higher SNR or a better

formal error of the delay observable.

10.4. Fractional sample delay, fringe rotation and quantization noise

The correlator uses a-priori delay and delay models which allow to account for changes in

the delay by dynamically adapting the read address of the raw data streams. The delay is

tracked by the correlator using steps in sample units, which causes a difference between a

priori delay and the discrete delay realized in the correlator. This difference must not exceed

one sample unit within an integration/accumulation period, which normally ranges from

one to a few seconds. The difference between the applied discrete delay and the actually

modeled delay is referred to as fractional sample delay ε and is stored together with the

cross spectrum for each integration period. Since we are dealing with cross spectra, we can

easily correct for such delays by

C ′12(ν) = C12(ν)e
−i2πν(ε1−ε2), (10.10)

where ε1 and ε2 are the fractional delays at stations 1 and 2. Again, we see the advantage of

using the cross spectrum since the operation expressed in Eq. 10.10 is computationally not

very costly and can be implemented very easily. As shown in Fig. 10.3 one can implement

the fractional delay correction directly after the FFT transformation of each station’s data

stream.

When the delay rate has a positive value the telescope is steadily ”moving away” and thus

the Doppler shift causes the signal received to be at lower frequency. Following that same

logic, we can state that negative delay rates correspond to Doppler shifts towards higher

frequencies. This implies that the signals from two stations cannot be correlated unless

the frequency of the signals is referring to the same reference frequency. As depicted in

Fig. 10.3, this can be achieved by frequency conversion of the raw sampling data and is

easily implemented by multiplication of the data stream with a periodic signal that has a

frequency which corresponds to the Doppler shift9. This process is called fringe stopping,

and is accomplished by multiplying cosine and sine functions with respect to the time-series

data of the stations, i.e. before the data are either correlated or Fourier transformed. Since

geodetic VLBI deals with observation frequencies of 8 GHz and above, the delay acceleration

τ̈g , respectively the Doppler rate, needs to be taken into account as well when applying this

9This is a very simplified explanation. For more information the reader is referred to literature dealing with
the actual implementation in more detail.
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Figure 10.3: Scheme of station-based FX complex correlator according to Whitney (2000)
(modified).

correction. Fringe stopping is usually performed at frequencies calculated at the baseband

frequency ν0 or at the center of the band ν0+νB/2 whereas the baseband is defined as the

frequency of the radio frequency signal which is finally converted to the zero frequency. If

the a priori model is sufficiently accurate, the resulting residual fringe rate will be at the

level of a few mHz.

Beside the compensation for finite delay representation and fringe rotation one needs

to consider that the recording systems are restricted by their data rate, measured in bits

per second (bps). During analog to digital conversion the signal is represented by samples

having M quantization levels. Thus, it is obvious that the example discussed before and

depicted in Fig. 10.2 would give different correlation amplitudes if we deal with quantized

data. However, if the sampling rate and the quantization level is known, which is usually

the case for VLBI we can correct the obtained correlation amplitudes for these discretization

effect and obtain an unbiased correlation amplitude and thus an SNR value that refers to the

original analog signal. According to Van Vleck and Middleton (1966) one can for example

correct the correlation amplitude ρc obtained from data sets which were 1-bit quantized

by

ρ = sin
�π

2
ρc

�

. (10.11)

Corrections for other sampling rates or quantization levels can be found e.g. in Thompson

et al. (2017).

10.5. Fringe fitting and bandwidth synthesis

Correlation is performed so that cross spectra are stored after a certain integration period,

which leaves us with a time series of spectra. Knowing now that the inverse Fourier trans-

form would give us the correlation peak at each of these integrations, we can now also
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try to evaluate how the position of this peak varies over time, which in the end will give

us the delay rate value that corresponds to the duration of that particular scan. Thus, the

process called fringe fitting, will use a set of consecutive cross spectra and try to find the

most likely values of τ and τ̇ that maximize the correlation function, both in time as well

as in frequency. Plotting all possible combinations of delay and delay rate gives us the so

called 2D delay resolution function (see Fig. 10.4) which allows us to identify the most

likely values for these two parameters.

Figure 10.4: Single sub-band coarse delay resolution function (Hobiger and Kondo, 2005)).

For the delay direction we already know that we do not need to manually try all delay

values but simply make use of the Fourier transform to obtain the one dimensional delay

resolution function. As it turns out, we can also make use of the Fourier transform in the

direction of consecutive cross spectra and obtain a peak where we have the most likely

value for the delay rate. Thus, the 2D delay resolution function can easily be obtained by

2D FFTs performed on a stack of coherently integrated cross spectra. Once we identified the

peak we can do a fine search around that location by a quadratic interpolation and obtain

values of τ and τ̇ with a resolution that is better than the corresponding FFT resolution.

However, as we are not only collecting data from a single narrow sub-band, but record

sampling data from several sub-bands we are interested in using all this information to-

gether and obtain the most likely values of delay and delay rate which maximize a corre-

lation function that is derived from all these sub-bands. This procedure of combining data

from different frequency sub-bands is referred to as bandwidth synthesis (Rogers, 1970).

Before we start, however, we have to correct for inter-sub-band phase differences stem-

ming from different electric path lengths between the different in all sub-bands. For this,

we make use of the phase calibration signals which were injected at the receiving system

(Sec. 9.2). In other words, we apply a phase shift to each of the sub-band’s cross spectra

67



10 CORRELATION AND FRINGE FITTING

and then perform a fringe fit over all bands.

Finding the multi-band delay can be done in two different ways. The first one is that in

a first step the cross-spectral function (amplitudes and phases w.r.t. frequency sub-band)

is derived from individual sub-bands as described for the single-sub-band case. Then, a

Fourier transform is carried out to convert the multi-band cross-spectral function into a

multi-band delay function. The search for the delay basically works in the same way as

for the individual sub-bands, i.e., first a rough search for the location of the peak and then

a suitable interpolation with selected spectral points in the vicinity of the peak (Whitney,

2000).

The second way of finding the final delay is a joint fit of the single- and multi-band delay

as well as the delay rate in a common process as realized, e.g., in the PIMA software (Petrov

et al., 2011). As we have seen before a wide effective bandwidth increases the SNR and

improves the delay precision, which is the ultimate goal to achieve mm to cm precise VLBI

delays. However, one needs to reflect on the fact that sub-bands are usually not next to each

other in the VLBI frequency bands but are separated by at least several MHz. Thus, instead

of one large sinc-like correlation peak we will expect the actual correlation maximum to

be surrounded by a certain number of slightly lower peaks, to which one refers to as side-

lobes (Fig. 10.5). In general, the sub-band setup is carefully chosen so that one can expect

minimum side lobe level in the actual data (cf. Sec. 3).

Figure 10.5: Multi-band delay function produced with PIMA (Petrov et al., 2011). S band
data with 100 ns ambiguity spacing.
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A further complication arises from the fact that the full bandwidth is not covered with

one continuous band and the set of sub-bands do not align to each other without gaps in the

frequency domain. For these reasons, we now face the challenge that our obtained delay

can be biased by an integer multiple of the base ambiguity spacing. We can thus imagine

that the graph Fig. 10.5 repeats every 100 ns which is the base ambiguity spacing for the

frequency setup of this example.

To address the ambiguity issue in a bit more detail, we can review the tasks of single- and

multi-band delay search also from the aspect of finding a phase slope that connects all the

correlation phases of the individual sub-bands. In the case of single band delays, we deal

with such a fit in a straightforward way (see discussion earlier) as we have phase values at

each of the FFT points and thus should be able to detect any phase slope rather easily if the

SNR is high enough. However, in the case of multi-band delay search we have to connect

the phases over a much wider bandwidth and the fact alone that we have to deal with gaps

between the individual bands, where we have no phase information at all, makes it already

harder to find the actual phase slope that corresponds to the residual group delay. On top of

that, there is a manifold of possibilities for possible delay slope values, due to the nature of

phase measurements being limited to lie between −π and π. Thus, we can only determine

the residual multi-band delay by satisfying phase slope criteria, but need to consider that

our obtained delay value might be off by several integer multiples of the base ambiguity

spacing.

As described in more detail in Takahashi et al. (2000) one can find a clear relation be-

tween the minimum sub-band spacing and the size of that base ambiguity. In general, one

can state that the ambiguity spacing τamb corresponds to the greatest common divisor of

all sub-band spacings ∆νmax by

τamb =
1

∆νmax
. (10.12)

Considering for example the eight USB sub-bands of the standard geodetic X band setup

(Sec. 3), we find a ∆νmax = 20 MHz. Thus we face an ambiguity spacing of 50 ns,

which is fortunately rather easily being dealt with given that the a priori information in the

data analysis is good enough to provide theoretical delays with an uncertainty that is not

exceeding half of the ambiguity spacing, i.e. 25 ns or about 7.5 meter.

10.6. Extraction of total phase and phase delay

So far, we have only looked at the group delay which is found in a 3D search in the single-

band delay, delay rate and multi-band delay domain. For the derivation of the phase ob-

servable, we have to distinguish between total phase with respect to a reference frequency

ν0 in radians or degrees φtotal(ν0) and the phase delay in time units τph.

The basis for these observables are the phases of the cross-power spectra φ(ν, t) which

appear across the visibility frequencies in a single sub-band as well as across the visibility
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frequencies of all bandwidth synthesis sub-bands. The number of these visibility phases

depends on the spectral resolution of the Fourier transform of the VLBI raw data as set for

the correlation process. The basic model of the observed phase as a function of frequency

for a certain epoch t can be formulated as

φ(ν, t) = φ0(ν0) +
∂ φ

∂ ν
· (ν− ν0) +

∂ φ

∂ t
· (t − t0) (10.13)

with φ = phase in cycles, φ0 = phase at ν0 in cycles, ν = frequency in Hz, ν0 = reference

frequency in Hz.

For the extraction of the phase observable, all phase calibrated (see Sec. 10.7) visibility

phases, first, need to be counter-rotated, one by one, according to Eq. 10.13 yielding the

counter-rotated phases φ̃(ω0, t). For this step, we need the a priori model plus corrections

for the delay and rate estimated in fringe fitting process yielding τobs and τ̇obs. This step is

done not only across spectral channels but also across all accumulation periods. The result

is that all phases are now more or less constant across time and frequency. In the next

step, these can then be averaged over time and frequency independently first to allow for a

normalization over time in case the individual BWS sub-bands cover different data spans.

In principle, the result is the coherently averaged phase φcoh(ν0):

φcoh(ν0) =
1
m

∑

(
1
n

∑

φ̃(ν0, t)) (10.14)

with n = number of accumulation period in each sub-band and m = number of sub-bands.

As a side line, it should be mentioned that the fringe fitting software fourfit for this

purpose maximizes the magnitude of a complex sum of visibility phasors. This in essence

produces a weighted (by the magnitude of each phasor) sum that determines a mean phase

(Capallo, priv. comm.). For more details see Whitney (2000).

To acquire the phase delay, first the (correlator) residual phase delay ∆τ′ph is computed

∆τ′ph =
φcoh(ν0)
2π · ν0

(10.15)

and then added to the a priori delay τg

τph = τg +∆τ
′
ph (10.16)

For the total phase φtotal(ν0), first the a priori phase φ0(ν0) is computed

φ0(ν0) = ν0 ·τg · 2π (10.17)

which is then added to the coherently integrated phase φcoh(ν0)

φ′total(ν0) = φ0(ν0) +φcoh(ν0). (10.18)
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φ′total(ν0) is an unambiguous total phase with many phase turns. Before fourfit displays

and exports the total phase, it applies the modulo 2π function

φtotal(ν0) = mod(φ′total(ν0), 2π) (10.19)

which makes φtotal(ν0) ambiguous.

The frame of the a priori delay τg can either be chosen to be the geocenter delay or the

station-based delay (see Sec. 2.4). Depending on this, τph from Eq. 10.16 and φtotal(ν0)

from Eq. 10.18 are either geocenter or station-based phase delays and total phases, respec-

tively (Corey, priv. comm.).

For completeness, it should be added that for VGOS broadband observations, the dis-

persive effect of the ionosphere has to be added to Eq. 10.13. The additional term is

[−1.3445/ν ·∆T EC] where ∆TEC is the differential Total Electron Content in TEC units

(1 TECU ≡ 1×1016 electrons). In fourfit, the actual peak of the magnitude of the coherent

sum is found by parabolic interpolation of magnitudes at closely-spaced grid point values

for the independent variables group delay, single band delay, group delay rate, and dTEC

(Capallo, priv. comm.).

10.7. Phase calibration

As we have seen in Sec. 9.2, a phase calibration signal is injected into the receiver chain to

monitor the dispersive delay in the receiving system. The phases (and the amplitudes) of

the calibration signals can be extracted by Fourier transformation, for example.

For depicting the logic of phase calibration, let us first consider the results of fringe fitting

without phase calibration for disjunct frequency sub-bands (Fig. 10.6). Since

τ=
dφ
dω
=

1
2π

dφ
dν

(10.20)

the linear regression is rather unstable and the resulting delay τ has a large formal error.

N.B.: The linear regression is only used as an easy to understand equivalent to the Fourier

transform from the frequency to the delay domain which is used in the routine fringe fitting

process. The Fourier transform produces a sharp peak at the correct time delay (see above).

In the same way of representation, the phases of the phase calibration signals are scat-

tered about a straight line (Fig. 10.7). With only one phase calibration tone present in each

sub-band, the phase cal phase is assumed constant for this sub-band. Since also for the cal-

ibration phases, the relationship dφ/dω = τpc applies, we can see that phase calibration

incurs an additional delay contribution.

For quite some time now, more than one phase calibration tone is extracted from each
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ν

φ

Figure 10.6: Uncalibrated phase versus frequency. The boxes at the bottom depict the limits
of the frequency bands while 4 points in each band are examples of the inter-
ferometer phases from the cross-power spectrum. The straight line represents
the dφ/dω producing the delay τ.

ν

φ

Figure 10.7: Phase cal phases which are constant over each band. N.B.: Since dφ/dω again
produces a delay τpc the straight line again represents a delay contribution.

band. This leads to calibration phases which are not constant within a sub-band. In the

simplest form, these can be represented in a linear form (Fig. 10.8).

ν

φ

Figure 10.8: Phase cal phases with a linear behavior in each sub-band due to multiple tones
in each sub-band. N.B.: Since dφ/dω again produces a delay τpc the straight
line again represents a delay contribution.
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Applying phase calibration to our small example of Fig. 10.6 then leads to a calibrated

phase behavior with a reduced scatter (Fig. 10.9). The fit, resp. the Fourier transform, is

then much more stable and the formal errors reduce significantly.

ν

φ

Figure 10.9: Calibrated phase versus frequency. The boxes at the bottom depict the limits
of the frequency bands while 4 points in each band are examples of the inter-
ferometer phases from the cross-power spectrum. The straight line represents
the dΦ/dν producing the delay τ.

Down to here, we only considered the phases in the frequency domain alone. As a con-

sequence, the calibration phases could only be applied as a single value valid for the whole

duration of the observation. An alternative is to extract the phase calibration phases every

few seconds. Then, we have the option to apply phase calibration for every accumulation

period. At the end, it should be emphasized once again that any non-zero slope in the phase

calibration phases adds an extra delay contribution to the observed delay.
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11. Data analysis

Geodetic and astrometric data analysis of the observations has a lot to do with the terrestrial

and celestial reference frames (Sec. 11.1.1 and 11.1.2) as well as with the variable rotation

of the Earth parameterized through Earth orientation parameters (EOP). For this reason,

we start with the details of reference frames and EOP.

11.1. Reference frames

The concept of reference frames is one of the important advancements of geodesy to de-

scribe the kinematics of objects. In space geodesy in particular, the determination of ref-

erence frames is one of the principle goals of many endeavors. In early math classes as a

first step, we mostly drew a set of coordinate axes with the origin at the intersection of the

axes. Then we identified locations of points by measuring distances along the axes starting

at that origin to find the respective coordinate components.

In space geodesy, we can neither localize the origin nor figure out where the axes point

to a priori. For this reason, we have to approach the problem from the opposite. We assign

coordinates to points and infer indirectly where the origin is and where the axes point to.

The selection of the points and of the coordinates is done by convention, i.e., by decision

as long as the internal configuration, which is the relative relationship between the points,

is not deformed (Sec. 11.8). The same also applies to the kinematic movements of these

points because we live on an Earth which is changing constantly.

The consequence of this procedure is that a number of points on Earth with their physical

markers, which in our case are the reference points of radio telescopes, and their coordi-

nates and all time variable coordinate components define the origin and axes of a terrestrial

reference frame (TRF). This means that within its formal errors the origin and axes are

fixed through the parameterization chosen for this reference frame, e.g., positions at a cer-

tain epoch, linear velocities, post-seismic deformations, and seasonal variations. The more

points indirectly fix the frame, the better. Consequently, any telescope can move freely in

that frame and the kinematics are described in that reference frame.

The concept of the Global Geodetic Observing System (GGOS) calls for a target accuracy

of 1 mm and 0.1 mm/y (Plag and Pearlman, 2009). This should be understood in the

way that the origin and the direction of the axes are supposed to be stable with these

uncertainties for the next decades to come. The reason is that any phenomena of Global

Change, especially global sea level rise, will have to be identified and quantified with respect

to the GGOS reference frame or its predecessors until the GGOS requirements are met.

In the sky, the work on the celestial reference frame (CRF) follows the same concept and

aims at similar stability criteria. The only difference with respect to the TRF is that the

origin of the CRF is defined a priori by the solar system barycenter.
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11.1.1. Terrestrial reference frames

At present, the network of radio telescopes for geodetic and astrometric observations con-

sists of approximately 40 active VLBI radio telescopes. The coordinates of these and all

radio telescopes active in the past are referred to a conventional Cartesian terrestrial refer-

ence frame, although they could also be referred to any other practical terrestrial reference

frame. Conventional means that beforehand some geometric guidelines have to be pro-

vided by some responsible organisation such as the International Association of Geodesy

(IAG) or the International Earth Rotation and Reference Systems Service (IERS). For ex-

ample, these define, where the origin is supposed to be and where the axes point to, in

addition to fixing some definitions and constants (See IAG Resolutions for more details).

More background of conventional terrestrial global reference frames can be understood

through looking at the historical developments. So, now we first go back in time.

When the first evidence appeared that the Earth was a sphere and that there was a rota-

tion, which was first seen as the celestial objects rotating around Earth, astronomers devel-

oped the concept of a rotation axis, though fixed in space at that time. Together with the

rotation axis and the sphere, it was only consequent that the sphere had two poles, an equa-

tor and many latitude circles which could actually be measured by star culminations and

which helped to interpolate between the poles. While the poles are two points, which are

defined geometrically and through physics, the second dimension, the longitudes, caused

more complications. Where is zero longitude? For convenience, every state just defined its

own zero longitude for navigation purposes. Only in the year 1884 with the International

Meridian Conference at Washington D.C., many states agreed on the Greenwich meridian

to mark the conventional international zero meridian which is in use today.

At the beginning of the developments in satellite geodesy, the concept of geocentric Carte-

sian coordinates was found to be most convenient for all sorts of computations. It was, thus,

only a small step to define the conventional global 3D coordinate system to have its origin

at the geocenter, the z axis from the geocenter north along the rotation axis, the x axis

pointing from the geocenter to the intersection of the equator and the zero meridian, and

the y axis completing a right-hand system. This is of course only a theoretical definition. In

the circles of the scientists dealing with this, this definition is called the (reference) system.

In contrast to this, the (reference) frame is the physical realization of a system with mark-

ers such as reference points of radio telescopes plus the measured coordinates assigned

to the markers. Please beware that the distinction of frame and system is not maintained

everywhere.

In terms of the evolutionary steps of the terrestrial global reference frames, the story

started with a number of astronomical observatories for which latitude, longitude and

sometimes height information had been measured. The first space-geodesy techniques,

satellite Doppler measurements and satellite laser ranging, adopted the latitude and longi-

tude information by one way or another and converted them to global geocentric Cartesian
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coordinates for one or more reference instruments. Something similar was done for the

first geodetic VLBI observations, mostly fixing the converted coordinates of one telescope

and tagging the other telescopes to this reference through the observations.

As the first combined conventional global terrestrial reference frame, we can consider the

BIH Terrestrial System 1984 (BTS84) of the Bureau International de l’Heure (BIH) which is

the predecessor of the IERS (Boucher and Z. Altamimi, 1990). The BTS84 incorporated 14

VLBI telescopes, 2 lunar laser ranging (LLR) telescopes and positions of 27 satellite laser

ranging (SLR) telescopes, some of them mobile occupations. Since five of the sites had

observations of both techniques and the geometric ties between them measured locally, it

was possible to combine the technique-specific frames. At that time, station movements

were not considered. This was only included years later in subsequent realizations of the

conventional terrestrial reference frames 10. The procedures used in the developments of

terrestrial reference frames have to do a lot with datum definition which is addressed in

more detail in Sec. 11.8.

Doing many evolutionary steps in one, today we make use of the International Terrestrial

Reference System (ITRS) in its latest realization, the International Terrestrial Reference

Frame 2020 (ITRF2020). Modern ITRFs combine observations and results of VLBI, SLR,

GNSS and DORIS observing techniques. A combined conventional frame has the advantage

that it makes use of the strengths of the individual techniques. For example, VLBI and SLR

define the scale of the frame and in this respect control each other. In addition, and most

importantly for VLBI, SLR defines the origin of the frame because low flying satellites are

very sensitive to the gravity field of the Earth. Consequently, the geocenter is one of the

primary products of SLR. In the ITRF computations, this information is transferred to the

VLBI polyhedron.

Since the surface of the Earth is in motion due to tectonics and other geophysical phe-

nomena including earthquakes, coordinates alone are not sufficient to describe the con-

temporary position of a reference marker. For this reason, ITRF2020 takes into account

linear motions, discontinuities (earthquakes, man-made movements), post-seismic defor-

mation or relaxations (exponential), and periodic inter-annual variations (annual and semi-

annual). The full ITRF2020 model for telescope coordinates reads

xt = xt0
+ vx · (t − t0) +∆x f +∆xPSD (11.1)

with

∆x f =
n f
∑

i=1

(a′ cos(ωi t) + b′ sin(ωi t)) (11.2)

for the contributions of the inter-annual variations∆x f , where a′ and b′ are the coefficients

10https://www.iers.org/IERS/EN/Publications/TechnicalNotes/TechnicalNotes.html
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of the annual and semi-annual periods ωi
11, and

∆xPSD =
nl
∑

i=1

Al
i log(1+

t − t l
i

T l
i

) +
ne
∑

i=1

Ae
i log(1− e

t−te
i

T e
i ) (11.3)

for the post-seismic deformation ∆xPSD where nl = Number of logarithmic terms of the

parametric model, ne = Number of exponential terms of the parametric model, Al
i = Am-

plitude of the i th logarithmic term, Ae
i = Amplitude of the i th exponential term, T l

i =

Relaxation time of the i th logarithmic term, T e
i = Relaxation time of the i th exponential

term, t l
i = Earthquake time(date) corresponding to i th logarithmic term, t e

i = Earthquake

time(date) corresponding to the i th exponential term.12

The coordinates at the reference epochs and the velocities are tabulated on the ITRF web

site13 (see also extract in Tab. 11.1.1). For sites with discontinuities, separate entries for

the periods before and after the event are provided with different SOLN numbers (specific

solutions for different periods) followed by the time section of their validity. DOMES num-

bers are special site identifiers established for ITRF work14. The full list of coefficients of

Eq. 11.1 is available under https://itrf.ign.fr/en/solutions/ITRF2020.

Table 11.1: Extract from ITRF table ITRF2020_VLBI.SSC.txt
ITRF2020 STATION POSITIONS AT EPOCH 2015.0 AND VELOCITIES

VLBI STATIONS

DOMES NB. SITE NAME TECH. ID. X/Vx Y/Vy Z/Vz Sigmas SOLN DATA_START DATA_END
-----------------------m/m/y---------------------

--------------------------------------------------------------------------------------------------------------------------------
14209S001 EFFELSBERG VLBI 7203 4033947.2868 486990.8233 4900431.0839 0.0092 0.0038 0.0105 1 00:000:00000 96:275:00000
14209S001 -.01397 0.01699 0.01070 .00034 .00016 .00040
14209S001 EFFELSBERG VLBI 7203 4033947.2977 486990.8298 4900431.0949 0.0047 0.0020 0.0056 2 96:275:00000 00:000:00000
14209S001 -.01397 0.01699 0.01070 .00034 .00016 .00040

In Tab. 11.1.1, Effelsberg has two entries because in 1996 there was a man-made shift

in the location of the reference point due to track repairs. To compute the x coordinates of

Effelsberg at the epoch 2023.0 (we consider only the linear term), we can do so with

x2023.0 = 4033947.2977− 0.01397 · (2023.0− 2015.0) (11.4)

It should also be mentioned that in the framework of the International Earth Rotation and

Reference Systems Service (IERS), further ITRS Product Centers exist which also produce

global reference frames such as the DGFI Terrestrial Reference Frame (DTRF) and the JPL

Terrestrial Reference Frame (JTRF). Both groups use techniques entirely different to that

of the ITRF Product Center, and naturally come to very similar results although differences

11The choice of annual and semi-annual periods is in fact a Taylor’s expansion, which is limited to the first two
terms.

12https://itrf.ign.fr/ftp/pub/itrf/itrf2020/ITRF2020-PSD-model-eqs-IGN.pdf
13https://itrf.ign.fr/ftp/pub/itrf/itrf2020/ITRF2020_VLBI.SSC.txt
14https://itrf.ign.fr/en/network/domes/description
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are sometimes significant.

For practical purposes most VLBI analysis groups maintain their own realizations from

their latest global analyses. All of them are very close to the ITRF in its latest version

(e.g., Zuheir Altamimi et al., 2016 ) to which the IVS contributes routinely as described

by Vennebusch et al. (2007), Böckmann et al. (2010), and Bachmann et al. (2016). On

average the differences are only on the order of a few millimeters for the coordinates and

some sub-millimeter per year differences for the velocities with very few exceptions for

telescopes with known peculiarities or very short time histories.

11.1.2. Celestial reference frames

The second category of reference frames which is directly linked to VLBI observations con-

sists of celestial frames related to the positions of the compact extra-galactic radio nuclei

such as quasi-stellar objects (quasars) described in detail in Sec. 4. The positions of the

objects are defined as angular right ascension α and declination δ components of an equa-

torial polar coordinate system (Fig. 4.3).

The conventional celestial reference frames tabulated in radio source catalogs, such as

the International Celestial Reference Frames (ICRF) as realizations of the International

Celestial Reference System (ICRS), have their origin in the solar system barycenter. For this

reason, they realize a Barycentric Celestial Reference System (BCRS). This is close enough

to the geocenter if light deflection and annual parallax are dealt with in the relativistic VLBI

formulation (See Eq. 11.45). For this reason, the positions can also be considered to be

valid in the Geocentric Celestial Reference System (GCRS).

Since the global rotation (of the sky before Galileo Galilei) produce a rotation axis with

two poles in the sky, declinations, which are the latitudes in the sky, have been used to

interpolate any position between them. Right ascension, which is the longitude in the

sky, had to be defined by convention. However, other than on Earth, the sky had two

distinguished points, the intersections of the equator and the ecliptic, called vernal equinox

and autumnal equinox. The vernal equinox is the zero point of right ascension (R.A.) is

counted positive in the direction of the Earth’s spin in the equatorial plane from 0 to 24

hours with minutes and seconds of time (Fig. 4.3). Declination runs in degrees, minutes,

and seconds of arc from -90◦ at the celestial south pole to +90◦ at the celestial north pole.

In the beginning of astrometry, the vernal equinox γ defined the zero meridian for posi-

tioning stars and other astronomical objects in the sky. However, today it is the other way

round. The catalogue of the most recent ICRF through the positions of its numerous radio

sources indirectly determines the location of the zero meridian. Since quasars and other

compact radio sources do not exhibit any proper motions beyond apparent movements

through source structure and core shift effects, the celestial reference frame serves as the

reference for describing the movements of the vernal equinox on the celestial equator (see

Sec. 11.2).
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Figure 11.1: Source distribution of ICRF2 sources (blue) plus new sources in ICRF3 (ma-
genta). The black line is the ecliptic. The dashed line follows the trace of the
milky way (our galaxy).

The developments of the celestial reference frames have gone through similar stages as

the terrestrial ones. Without going into too much detail of the past, the positions of the

Fundamental Catalogue FK5 of optical identifications (Fricke et al., 1988) can be consid-

ered as the basis for those of modern radio frequency astrometry. Since the bright radio

source 3C273B had an unresolved counterpart in the optical, its position was taken over

from FK5 for the first VLBI analyses, sometimes as the only anchor point for the R.A. fixing.

In 1995, the first conventional celestial reference frame in the radio frequency domain was

computed as the International Celestial Reference Frame (Ma and Feissel, 1997). The cata-

logue of positions was aligned to FK5 within the uncertainty of the latter through preceding

realizations compiled as the so-called ICRS (IERS Celestial Reference System) (Arias et al.,

1995).

For quite some time the most accurate frame had been the International Celestial Ref-

erence Frame in its second realization (ICRF2) (Fey et al., 2015). However, in 2019 work

has been completed to make use of an additional wealth of observations, which has been

accumulated between March 2009 and October 2017, and generate a new ICRF, i.e., ICRF3

(Charlot et al., 2020). The axis definition is accurate to 10–20 µas and the position un-

certainties have a median error of 0.15 mas as compared to 0.5 mas in ICRF2. For further

details, please read de Witt et al., 2022.

It should be mentioned that now there is a new very precise catalog in the optical do-

main originating from the Gaia mission. However, this catalogue is not directly accessible

by radio telescopes but elaborate studies are underway to identify counterparts in both

frequency domains.
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11.2. Earth orientation parameters

The Earth exhibits a rather variable rotation which is caused by a number of physical causes

(Lambeck, 1980). There are multiple ways of formulating Earth rotation mainly separat-

ing dynamic and kinematic aspects. For our VLBI purposes, we will concentrate on the

kinematic formulations.

For describing the instantaneous orientation of the terrestrial reference frame in the ce-

lestial reference frame at a certain epoch, and vice versa, it is sufficient to apply three

rotation angles. These can be Euler angles, which rotate around one axis first, then around

a second axis, and last around the first axis again. With Cardanian angles the rotations are

applied to all three axes one after another. The timely evolution of these angles is difficult

to interpret. However, the early astrometric observations were carried out from the sur-

face of the rotating Earth, first detecting only precession (Hipparcos, 135 B.C.), then later

also nutation (Bradley, 1728), and, thus, made use of the Earth’s rotation axis. Although

precession and nutation are caused by the same phenomenon, torques onto the equatorial

bulge of the Earth and its response for angular momentum conservation, they have always

been separated because of their entirely different periods of ∼26,000 of precession and

18.6 years and below of nutation.

That Earth’s rotation axis is not fixed with respect to the body of the Earth was known

theoretically since the days of Leonhard Euler (1707–1783) but became obvious only with

the measurements of the International Latitude Service starting in 1899. Only with the

concept of an axis of rotation and its localization through its poles on related spheres,

the Earth’s variable rotation can be described by five angular parameters, two components

for the celestial pole coordinates describing the movements of the rotation axis in space

attributed to precession and nutation, the Earth’s phase of rotation and two components

describing the movements of the rotation axis with respect to the Earth’s crust, called polar

motion.

The theory of the Earth’s variable rotations and their modelling are being worked on al-

most constantly because there still are many unanswered questions. Concerning the kine-

matic description, we have seen a major change in the concept, mostly due to improved

observing capabilities and advanced modelling of geophysical phenomena. An important

argument for the change was also the separation of the celestial reference system from the

Earth’s variable rotation. In the following, we will only look at the new paradigm which is

in agreement with the resolutions of the International Astronomical Union (IAU) of 2000

and 2006. These resolutions in particular render obsolete the old definitions of Universal

Time (UT1) and the precession/nutation formulation related to the vernal equinox.

The IAU 2000/2006 paradigm hinges on the introduction of so-called non-rotating ori-

gins (NRO) which were proposed by Guinot (1979) and introduced by Capitaine et al.

(1986), and Capitaine et al. (2000). The Celestial Intermediate Origin (CIO) is the non-

rotating origin on the moving equator of the Celestial Intermediate Pole (CIP) (Fig. 11.3).
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The Terrestrial Intermediate Origin (TIO) is the non-rotating origin on the Earth’s equator.

These intermediate origins, which strictly speaking are rather zero-meridians, had been

called ephemeris origins in the above references. These expressions were changed by a

resolution of the International Astronomical Union (IAU) in 2006 (B2).

For performing the necessary transformations needed for modeling the a priori delays

and also for later EOP estimation, we should first understand the sequence of necessary

rotations. The transformation of a point with coordinates in the International Terrestrial

Reference System (ITRS) into those in the Geocentric Celestial Reference System (GCRS)

is realized by sequentially applying the basic rotations for polar motion (wobble), Earth’s

spin as well as nutation and precession. These are applied through the rotation matrices

W, S and Q, respectively, where Q comprises both precession and nutation (Eq. 11.5). The

sequence here is inverted so that the rotations are applied to the ITRS coordinates "from

the left" because the axes are always rotated to new intermediate directions.

[GCRS] = Q · S ·W · [I TRS] (11.5)

The sequence of rotations is important for the signs of the arguments. For details on the

composition of the fundamental rotation matrices, please see Appendix A.

11.2.1. Polar motion

The variability of the Earth’s axis of rotation with respect to the Earth’s crust is parameter-

ized by the two components xp and yp of polar motion contained in the rotation matrix of

this wobble effect W′(xp(t), yp(t))15. For historical reasons, the polar motion x component

is positive in the same direction as the geocentric Cartesian x axis while the y component

is positive towards the 270◦ meridian, i.e., positive to the West and, thus, negative towards

the geocentric Cartesian y axis (Fig. 11.2) . Consequently, the coordinates of the CIP pole

in the TRF are xp and −yp. This is quite convenient because, as we see from Fig. 11.2,

the rotations needed for the transition of the CIP in the TRF of convention, e.g., ITRF, to the

TRF of date are both positive (counter-clockwise) requiring the rotations R2(xp) and R1(yp)

according to Eqs. A.8 and A.7 in Appendix A16 . The question now arises which of the two

very small rotations have to be applied first. Putting the R1 rotation first, the multiplication

with R2 (from the left) yields

R2(xp) ·R1(yp) =







cos xp sin xp sin yp − sin xp cos yp

0 cos yp sin yp

sin xp − cos xp sin yp cos xp cos yp






(11.6)

15The prime is used to indicate that the wobble matrix is still incomplete.
16R1 around axis 1 and R2aroundaxis2
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Figure 11.2: Rotations for polar motion. The sphere is supposed to represent the surface of
the Earth with the arc in the X/Z plane standing for the prime or zero meridian.

Simplifying the elements of this rotation matrix for the very small polar motion angles of

up to 600 mas (3× 10−6 radians) with cos xp/yp ≈ 1 and sin xp/yp ≈ xp/yp, we find

R2(xp) ·R1(yp) =







1 0 −xp

0 1 yp

xp −yp 1






(11.7)

Swapping the order of the matrix multiplication, we get the same result, so

R2(xp) ·R1(yp)≈ R1(yp) ·R2(xp) (11.8)

In the literature, mostly the first type of ordering is used, so we can write for the rotations

of polar motion

W′(t) = R2(xp) ·R1(yp). (11.9)

The wobble matrix W′ is only part of the rotations for polar motion because the TIO is

separated from the conventional prime meridian by a small angle s′(t), which is the TIO

locator (Terrestrial Intermediate Origin) (Dehant and Mathews, 2015). The entire rotation

matrix for the transformation of the CIP in the TRF of convention to the TRF of date is then

composed of

W(t) = R3(−s′) ·R2(xp) ·R1(yp). (11.10)
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11.2.2. Earth’s phase of rotation

With the change in paradigm, the Earth’s phase of rotation is measured as the so-called

Earth rotation angle θ between the Celestial Intermediate Origin (CIO) and the Terrestrial

Intermediate Origin (TIO) (Capitaine et al., 2000)(Fig. 11.3). It should be noted here

that originally this was called the stellar angle. To make the Earth rotation angle θ a time

quantity, a conventional relationship was defined as

θ (Tu) = 2π · (0.7790572732640+ 1.00273781191135448 · (Tu − 2451545.0)) (11.11)

with Tu = Julian UT1 date (Capitaine et al. (2000), IAU Resolution 2000 B1.8). According

to the convention laid out in Appendix A (Eq. A.9), the rotation matrix of the Earth’s phase

of rotation is

R3(θ ) = S(θ ) =







cosθ sinθ 0

− sinθ cosθ 0

0 0 1






(11.12)

However, the argument θ needs to be applied with a negative sign in the application to

Eq. 11.5 because it is increasing due to the Earth’s spin, i.e., with a positive sign, and needs

to be counter-acted in the transformation. Applying the rotation matrix (Eq. 11.12) to a

vector of terrestrial coordinates of date is equivalent to rotating these from the TIO system

of date into the CIO system of date.

Considering the application of Eq. 11.11 in the opposite direction provides UT1 from

Earth rotation angles θ measured by VLBI observations (in fact the only means to measure

UT1). Solving for Tu in Eq. 11.11 yields

U T1=
θ (Tu)/2π− 0.7790572732640

1.00273781191135448
+ 2451545.0− J D (11.13)

JD is the Julian Day of the observation epoch in decimal fractions of the day.

11.2.3. Precession and nutation

The two components of the celestial pole coordinates are used to model the motion of the

Earth’s axis of rotation in space, generally called precession and nutation. Its variability

is mainly caused by luni-solar torques on the equatorial bulge of the Earth and the con-

servation of angular momentum which forces the rotation axis to shift and nod. Although

precession and nutation are actually caused by the same physical phenomena with two very

distinct time scales (∼26,000 years vs. 18.6 years and down to a few days) they had been

separated for a long time because of the time scales and because precession was detected

much earlier than nutation (135 B.C. vs. 1728).

Today, the kinematic description treats the two together with the angular arguments

being the two angular values X and Y (Fig. 11.3). These are used to describe the Celestial
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Figure 11.3: Rotations due to the Earth rotation angle (stellar angle) and precession and
nutation. The sphere is supposed to represent the celestial sphere with global
X,Y,Z coordinates in the Geocentric Celestial Reference Frame.

Intermediate Pole (CIP) in the celestial frame (Capitaine, 1990). However, conceptually

the derivation of the numerical model starts with the angles d and E which are closely

related to the angles zA, ζA and ΘA of the old, equinox-based theory of precession and

nutation (Capitaine, 1990). With d and E, the rotation matrix Q′(E, d) relates the CIP to

the origin of the celestial reference system Σ0. Formulating the rotations from the GCRS

to the instantaneous frame (frame of date), Capitaine (1990) develops this rotation matrix

as:

Q′(E, d) = R3(−(90◦ + E)) ·R1(d) ·R3(90◦ + E). (11.14)

It is an Eulerian rotation sequence following the scheme of the first rotation around the first

axis, then around a second axis and in the opposite direction around the first axis again.

Eq. 11.14 is generally simplified through an elimination of the two back and forth 90◦

rotations and the rotation around the 2-axis instead of around the 1-axis (Lieske, 1979):

Q′(E, d) = R3(−E) ·R2(d) ·R3(E). (11.15)

Populating the rotation matrices with the respective angles and multiplying them yields

Q′(t)(E, d) =







1+ cos2 E(cos d − 1) (cos d − 1) sin E cos E − sin d cos E

(cos d − 1) sin E cos E 1+ sin2 E(cos d − 1) − sin d sin E

sin d cos E sin d sin E cos d






. (11.16)

However, numerical values for d and E have never been derived directly. One of the reasons

is the singularity of E near J2000.0 as can be seen in Fig. 11.5. d is always positive as can

be seen in Fig. 11.4. Nonetheless, the rotation matrix Q′(d, E) could be used to describe

the position of the CIP in the celestial reference frame if needed.

84



11 DATA ANALYSIS

0

50

100

150

200

250

300

350

400

d
 i
n

 a
rc

s
e

c

−20 −10 0 10 20
Year since J2000.0

Figure 11.4: Angle d with singularity near
J2000.0 (computed indirectly
through the inverse of
Eq. 11.17).
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Figure 11.5: Angle E with singularity near
J2000.0 (computed indirectly
through the inverse of
Eq. 11.17).

Instead, Capitaine (1990) started to express the position of the CIP in the celestial coor-

dinates X (t), Y (t) which are related to d and E through

X = sin d cos E, Y = sin d sin E, Z = cos d. (11.17)

X and Y are the projections of the unit vector in the direction of the CIP on the Cartesian

celestial coordinate system (Capitaine, 1990). In this concept, d and E can be seen as

spherical polar coordinates of the CIP. The units of X and Y are radians initially but can be

translated into arcseconds easily.

In numerical terms, X and Y are computed (Petit and Luzum, 2010) by

X = −0.016617”+ 2004.191898” t − 0.4297829” t2 (11.18)

−0.19861834” t3 + 0.000007578” t4 + 0.0000059285” t5

+
∑

i

[(as,0)i sin(ARGU M EN T ) + (ac,0)i cos(ARGU M EN T )]

+
∑

i

[(as,1)i t sin(ARGU M EN T ) + (ac,1)i t cos(ARGU M EN T )]

+
∑

i

[(as,2)i t2 sin(ARGU M EN T ) + (ac,2)i t2 cos(ARGU M EN T )]

+...,
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Y = −0.006951”− 0.025896” t − 22.4072747” t2 (11.19)

+0.00190059” t3 + 0.001112526” t4 + 0.0000001358” t5

+
∑

i

[(bs,0)i sin(ARGU M EN T ) + (bc,0)i cos(ARGU M EN T )]

+
∑

i

[(bs,1)i t sin(ARGU M EN T ) + (bc,1)i t cos(ARGU M EN T )]

+
∑

i

[(bs,2)i t2 sin(ARGU M EN T ) + (bc,2)i t2 cos(ARGU M EN T )]

+...,

It should be emphasized that also X and Y describe the position of the CIP in the celestial

reference frame. The polynomial parts of the X, Y series originate from precession, except

for the contribution from the frame bias and from cross nutation terms (Capitaine and

Wallace, 2006). For more details on the periodic (nutation) terms please refer to Mathews

et al. (2002) and Petit and Luzum (2010). As can be seen from Fig. 11.6 (and Fig. 11.7),

where the X and Y values are computed according to Eqs. 11.19 and 11.20, the major

progress is in the X component, which is along the precession cone. At J2000.0, X is -5.6"

and Y is -5.8".

In the old equinox-based precession theory, the precession constant is generally quoted

as 50.3"/y. It is measured along the ecliptic. The approximate relation between the "old"

and "new" celestial pole offsets is X ≈∆ψ sinϵ0 and Y ≈∆ϵ. So, if the precession constant

(in ∆ψ, measured along the ecliptic) is 50"/y, it becomes about 20"/y in X though the

multiplication with the sine of the angle between the celestial equator and the ecliptic of

ϵ0 ≈ 23.5◦.
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Figure 11.6: Precession and nutation in the X/Y projection between 1980 and 2020. The
graph is dominated by the precession of about 20"/y and approximately two
cycles of the 18.6 yr period.

From these X and Y values, the composite rotation matrix, Q′(t)(X , Y ), can be con-
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Figure 11.7: Precession and nutation in the X/Y projection between 1995 and 2005. The
superimposed periodicity stems from the 182.6 day period.

structed (Capitaine, 1990; Capitaine and Wallace, 2006) directly as

Q′(t)(X , Y ) =







1− aX 2 −aX Y −X

−aX Y 1− aY 2 −Y

X Y 1− a(X 2 + Y 2)






(11.20)

with

a =
1

1+ cos d
=

1
2
+

1
8
(X 2 + Y 2) (11.21)

This rotation matrix (11.20) is still the one to describe the position of the CIP in the

GCRS. For the coordinate transformation between GCRS of date to the GCRS of convention

(J2000.0) we need to apply the transposed matrix

Q′T (t)(X , Y ) =







1− aX 2 −aX Y X

−aX Y 1− aY 2 Y

−X −Y 1− a(X 2 + Y 2)






(11.22)

It can be used for applications with an accuracy requirement of 1 µas. For completeness, it

should be mentioned that Eq. 11.22 corresponds to the counter-rotation of 11.15 which is

Q(E, d) = R3(−E) ·R2(−d) ·R3(E). (11.23)

In addition to the X/Y rotations, a further, though small, rotation with the angle s(t)

around the 3-axis is needed. s(t) is the so-called CIO-Locator, which is the position of the
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CIO in the GCRS (Fig. 11.3). It is computed according to

s(t) = −
1
2
[X (t)Y (t)− X (t0)Y (t0)] +

∫ t

t0

Ẋ (t)Y (t) d t − (σ0N0 −Σ0N0) (11.24)

where σ0 and Σ0 are the positions of the Celestial Intermediate Origin (CIO) at J2000.0

and the x-origin of the GCRS respectively and N0 is the ascending node of the equator at

J2000.0 in the equator of the GCRS (Petit and Luzum, 2010). (σ0N0−Σ0N0) is the so-called

Equation of the Origins (EO).

In numerical terms, s(t) can be derived according to Tab. 5.2d in Petit and Luzum (2010):

s(t) =
−X Y

2
+ 94+ 3808.65 t − 122.68 t2 − 72574.11 t3 + ... (11.25)

with t being t= (TT - 2000 January 1d 12h TT) in days/36525. The expression is followed

by a number of small terms depending on fundamental arguments. The date 2000 January

1.5 TT = Julian Date 2451545.0 TT (Temps Terrestre) is the definition of J2000.0. For

more details see the IERS Conventions 2010 (Petit and Luzum, 2010).

The full rotation model for precession and nutation for positions in the GCRS of date to

the GCRS of convention (J2000.0) then consists of

Q(X , Y, s) = Q′T (X , Y ) ·R3(s) (11.26)

11.2.4. Full Earth orientation parameter transformation

The transformation of a point with coordinates in the International Terrestrial Reference

System (ITRS) into those in the Geocentric Celestial Reference System (GCRS) is realized

by sequentially applying the rotation matrices introduced above (Petit and Luzum, 2010):

xGCRS = Q′T (X , Y ) ·R3(s) · S(−θ ) ·R3(−s′) ·W′(xp, yp) · xI TRS (11.27)

For the transformation in the opposite direction, the sequence as well as the angles have to

be inverted so that

xI TRS =W(−yp,−xp) ·R3(s
′) · S(θ ) ·R3(−s) ·Q(−X ,−Y ) · xGCRS (11.28)

11.3. Geodetic and astrometric VLBI functional model

Data analysis of geodetic and astrometric VLBI analysis follows the same rules as any other

geodetic problem with a surplus of observations for the determination of the parameters

of interest. Let’s first look at the purely geometric relationships following the principal

VLBI equation (Eq. 2.7) which has to be expanded to take into account the fact that the

baseline vector b and the unit vector in source direction k have to be expressed in the same

reference frame. The main cause for a more elaborate formulation is the Earth’s variable
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rotation (Lambeck, 1980). For this reason, the rotation matrices for precession and nutation

Q(X (t), Y (t)), daily spin S(θ (t)), and polar motion W(xp(t), yp(t)) according to Sec. 11.2

have to be applied.

Application of these three rotation matrices either transforms the baseline vector in the

terrestrial reference frame into that in the celestial reference frame or transforms the unit

vector in the celestial reference into that in the terrestrial frame. Both transformations are

equivalent and can also be applied in part to the radio sources and in part to the baseline

vector, as is done in practice (see below). In a closed formula, they are embedded in

τ(t) = T(2) − T(1) = −
1
c

b ·W(t) · S(t) ·Q(t) · k (11.29)

with

b=







x(2) − x(1)
y(2) − y(1)
z(2) − z(1)






(11.30)

for the Cartesian coordinates of telescopes 1 and 2, and

k=







cos δc · cos αc

cos δc · sin αc

sin δc






(11.31)

for the position of the quasars in the celestial system (Sec. 11.1.2).

For the full expansion of the observed delay, we have to look at the relativistic contri-

butions to the functional model and at several further effects to consider. Depending on

the nature of these effects they are either applied as delay corrections ∆τ or as corrections

to the coordinate vector of the radio telescope xi . It should be noted that at first we only

consider those contributions, which can be applied a priori, while under Sec. 11.7.1 we

address remaining model components, which can only be estimated.

11.4. Relativistic VLBI model delay

As we will see later (Sec. 11.7.1), we need to compute a very accurate a priori delay from all

the information we have in advance. The main reason is that the least-squares adjustment

will work with linearized quantities, such as partial derivatives and reduced observations,

meaning that we limit the adjustment process to the last very few decimeter of an otherwise

thousands of kilometer large baseline to radio source geometry.

At this point relativistic effects need to be taken into account for proper modeling of

the delays. The first item to consider is the transformation of time scales. We have to

distinguish proper time measured at an arbitrary location and coordinate time which refers

to the barycenter of a coordinate system. Any clock on Earth, first of all, measures proper

time, while we will need time as coordinate time of the solar system barycenter. The proper
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time at a telescope is normally given in the UTC time scale (Universal Time Coordinated)

which relates to the International Atomic Time TAI (Temps Atomique International) through

an integer number of leap seconds TLS to keep UTC within 0.9 s of the astronomical time

UT1. Terrestrial Time (TT) is an ideal time which a clock would indicate on the geoid.

It has the same rate as TAI but an offset of 32.184 s originating from a changeover from

Ephemeris Time (ET) to TAI, thus

T T = TAI + 32.184 s = U T C + TLS + 32.184 s. (11.32)

The coordinate time of the Earth is Temps Coordonnées Géocentric (TCG) or Geocentric

Coordinate Time. TCG [in fractions of Julian date] relates to TT [in fractions of Julian date]

(Bangert et al., 2017) through

T CG = T T + LG · (TJ D − T T0) (11.33)

with TJ D being TT expressed as Julian date, T T0 being 2443144.5003725 (i.e., TT at 1977

January 1.0 TAI), and LG = 6.969290134× 10−10 (Petit and Luzum, 2010).

The coordinate time of the solar system barycenter TCB (Temps Coordonnées Barycen-

trique) is related to TCG through

T CB − T CG =
1
c2

�

∫ t

t0

[
v2
⊕

2
+ Uex t(X⊕)]d t +V⊕ · (X−X⊕)

�

(11.34)

where the vectors X⊕ and V⊕ denote the barycentric position and velocity of the geocenter.

The vector X is the barycentric position of the observer and Uex t is the Newtonian potential

of all of the solar system bodies apart from the Earth, evaluated at the geocenter (Bangert

et al., 2017). t is TCB and t0 is 1977 January 1.0 TAI.

Now we turn to the differences in arrival times at the two radio telescopes. The theoret-

ical time difference dT T can be considered as being the same as that of dU T C

dT T = dTAI = dU T C = (t(2))T T − (t(1))T T (11.35)

From the proper time frame to the Geocentric Coordinate Time (TCG) frame, the time

difference needs to be scaled by

dT CG =
dT T

1− LG
(11.36)

with LG = 6.969290134×10−10 as above. It should be noted here that the VLBI coordinate

frame is in fact (only) related to the TT time scale ("TT-compatible") for consistency with the

other observing techniques in the ITRF as decided in an ITRF workshop in 2000, although

IAU and IUGG resolutions call for TCG-compatibility (Petit and Luzum, 2010).

The next step is the transformation of the Earth-fixed geocentric coordinates of the radio

telescopes, e.g., given in the ITRS (Sec. 11.1.1), xi into the barycentric frame Xi . For this,
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xi has to be transformed from ITRS into the Geocentric Celestial Reference System (GCRS)

which has the same origin but fixed axis directions with respect to the extra-galactic radio

sources of the ICRS. The transformation then just consists of adding the barycentric radius

vector of the geocenter X⊕(t1) to the radius vector of telescope i xi (in GCRS).

Xi(t(1)) = X⊕(t(1)) + xi(t(1)) (11.37)

The reference epoch is t(1), i.e., when the signal arrived at telescope (1). All quantities to

be addressed further down will also be referred to this time epoch because this epoch is the

reference time of observation. Here it is in the TCG time scale which needs a scaling as in

Eq. 11.33.

A very important contribution to the VLBI time delay originates from the retardation

of the signal paths through gravitational bending of the celestial bodies. It is part of the

relativistic formulation of the delay (Eq. 11.45). For modeling the bending effect, the time

of closest approach of a signal originating from a quasar and passing a celestial body is

needed. For the J th gravitating body, it can be expressed as the minimum

t1J =min

�

t(1), t(1) −
K · (XJ (t(1))−X(1)(t(1)))

c

�

. (11.38)

K is the unit vector from the solar system barycenter to the source in the absence of grav-

itational or aberrational bending (Petit and Luzum, 2010). This minimum actually means

that it stays at t(1) if the signal does not pass the body before it arrives at telescope (1).

For the final expression, we need the vectors between the positions of the two telescopes

and the gravitating body at the time of nearest approach, R1J (t1) and R2J (t1):

R1J (t(1)) = X(1)(t(1))−XJ (t1J ) (11.39)

R2J (t(1)) = X(2)(t(1))−
V⊕
c
(K · b)−XJ (t1J ) (11.40)

V⊕ is the barycentric velocity of the geocenter and b is the geocentric baseline vector.

The general relativistic delay, ∆Tgrav , a.k.a. Shapiro term, then is

∆T J
grav = (1+ γ)

GMJ

c3
ln
|R1J |+K ·R1J

|R2J |+K ·R2J
(11.41)

with MJ being the rest mass of the J th gravitating body and γ the so-called light deflection

parameter equal to 1 according to the Theory of General Relativity (GRT).

The gravitational delay due to the Earth at the picosecond level is

∆T⊕grav = (1+ γ)
GM⊕

c3
ln
|x(1)|+K · x1

|x(2)|+K · x(2)
(11.42)
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with M⊕ being the rest mass of the Earth. The total gravitational delay can be expressed

as the sum over all gravitating bodies, i.e., the Sun, Earth, the Earth’s moon and the other

planets,

∆Tgrav =
∑

J

∆T J
grav (11.43)

In the barycentric frame, the vacuum delay is

T(2) − T(1) = −
1
c

K · (X(2)(T(2))−X(1)(T(1))) +∆Tgrav (11.44)

Eq. 11.44 is now converted (back) by a Lorentz transformation from the barycentric into

the geocentric system. This is done w.r.t. two groups of quantities, the barycentric vectors

Xi into the corresponding geocentric vectors xi and the related transformations between

the barycentric time difference (T(2) - T(1)) and the geocentric time difference (t(2) - t(1)).

The geometric delay then follows

(t(2) − t(1))vac =
∆Tgrav −

K · b
c

�

1−
(1+ γ)U

c2
−
|V⊕|2

2c2
−

V⊕w(2)
c2

�

−
V⊕b
c2

�

1+
KV⊕
2c

�

1+
K(V⊕ +w(2))

c

.

(11.45)

This is the formulation for the geometry in vacuum (Petit and Luzum, 2010). w(i) is the

geocentric velocity vector of telescope (i), i.e., w.r.t. the geocenter. V⊕ contains the x-, y-,

z-velocity components of the geocenter itself. U is the total gravitational potential of the

solar system at the geocenter neglecting the effects of the Earth’s mass. This formula thus

contains the effects of daily and annual aberration. In the context of VLBI, this means that

while the signal continues traveling for a time τ after arriving at telescope (1), telescope (2)

has changed its position w.r.t. that at t(1) both in the geocentric and in the solar system

barycentric frame.

11.5. Atmospheric refraction

Another very important contribution to the delay is that of atmospheric refraction causing

a bending of the signal path and leading to a change in velocity of the signal’s propagation.

The latter mainly causes a retardation but has an accelerating effect for phase observations.

In terms of refraction, the atmosphere is separated into the charged compartment, gen-

erally called the ionosphere, and the neutral part which some authors call the troposphere.

This, however, falls short of the fact that only about 75% of the refraction effects in the

neutral atmosphere take place within the troposphere while 25% happen above (Elgered,

1993).

The path of a signal in vacuum is, apart from relativistic effects, a straight line G (Fig.

11.8). In contrast, the path of the electromagnetic wave in the atmosphere is curved with

the electrical path length L along the geometric path length S depending on the refraction
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Figure 11.8: Refraction geometry. G= path in vacuum (straight line), S= geometrical path
of electromagnetic wave (Elgered, 1993).

coefficient n

L =

∫

S
n ds (11.46)

where n in turn depends on the velocity of light and the signal’s velocity v with

n=
c
v

(11.47)

According to Fermat’s principle, the radiation as seen from the radio telescope attempts to

leave the layer with a higher refraction index (lower layer) towards a lower refraction index

(higher layer), thus bending the path upwards. This concept minimizes the electrical path

length L but is valid only for stratified layers. As soon as the curvature of the atmosphere

dominates, as is the case for all space-geodetic observing techniques including VLBI, a con-

vex shape as in Fig. 11.8 prevails. For radiation to be observed on Earth, this phenomenon

is of course valid in the same way.

In principle, the relationship of Eq. 11.47 is valid only for a monochromatic wave and

thus for the propagation of the phase, the so-called phase velocity vph. The propagation

of a group of waves resulting from a superposition of multiple frequencies is affected by a

partial retardation of the phases depending on the wavelength λ originating from Rayleigh

scattering. This leads to a group velocity vg with

vg = vph −λ
dvph

dλ
(11.48)

According to Eqs. 11.47 and 11.48 the group refraction index ng can then be given de-

pending on the frequency ν as

ng = nph + ν
dnph

dν
(11.49)

(e.g., Marini and Murray, 1973).
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11.5.1. Neutral atmosphere

The refractive effects of the neutral atmosphere are caused by induced and permanent

dipole moments of water vapor as well as induced dipole moments of the non-water vapor

elements (Owens, 1967). The refraction of the neutral atmosphere in the radio frequency

domain is non-dispersive. For this reason, the additive term in Eq. 11.49 vanishes and

ng = nph (11.50)

As written in Eq. 11.46, the electrical path length L is the integral over the refractive

indices along the geometric path length S. Since we are interested in the extra path length

∆L exceeding the straight line in vacuum G, we can write

∆L =

∫

S
ng ds − G. (11.51)

Because ng is always a little bit above 1, around 1.0003 to be more exact, we can use the

refraction number N with

N = (ng − 1) · 106 (11.52)

and perform the transformations

∆L =

∫

S
ng ds−
∫

S
1 ds+S−G =

∫

S
(ng−1) ds + S − G = 10−6

∫

S
N ds+(S−G) (11.53)

S−G is the purely geometric detour through the bending. Obviously S−G = 0 for observa-

tions at zenith. For the assumption of stratified atmospheric layers, S−G is approximately

10 cm for observations at 5◦ elevation. In most refraction models, the S − G contribution

is considered in the transformations from zenith to arbitrary elevation angles, i.e., in the

mapping functions (below).

In terms of an extra time delay ∆τatm and an extra total phase contribution ∆Φatm , Eq.

11.53 converts to

∆τatm =
10−6

c

∫

S
N ds+

(S − G)
c

(11.54)

and

∆Φatm =
2π
λ

10−6

∫

S
N ds+

2π
λ
(S − G) (11.55)

respectively.

There have been a few derivations of N , e.g., by Smith and Weintraub (1953) or Thayer

(1974), but for VLBI the fundamental problem persists that these numbers need to be de-

termined along the geometrical path to solve the integral in the above equations, which is

close to impossible for the required level of accuracy. For this reason, another approach is

chosen. A common way of modeling refraction in the neutral atmosphere is the separation
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of ∆τatm into a hydrostatic and a water vapor part. The latter is often called the wet part.

Both are separated further into a component reflecting the refraction effect in zenith direc-

tion and a mapping function for the conversion into the direction of the observation. The

delay contribution∆τatm(ϵ) is commonly represented as extra path length∆Latm(ϵ)which

is easily transformable to a time unit quantity through the speed of light. If the model only

considers a dependency on elevation angle ϵ, it can be composed as

∆Latm(ϵ) =∆Lz
h ·mh(ϵ) +∆Lz

w ·mw(ϵ). (11.56)

mh(ϵ) and mw(ϵ) are the mapping functions which are applied to map the extra path lengths

or their time equivalents in zenith direction onto any non-zenith elevation angle ϵ. A simple

1/ sinϵ scaling is not sufficient, in particular at lower elevations because the curvature of

the atmosphere as a consequence of the curvature of the Earth’s surface would not be

taken into account. Most modern mapping functions thus are a function of ϵ and of a finite

continuous fractional form with coefficients (a, b, c) (Herring, 1992). They are specific for

the hydrostatic (Eq. 11.57) and the wet component (Eq. 11.58) because the thickness of

the effective atmosphere is more than 10 km in the first case and only about 2 km in the

latter (Niell, 2000).

mh(ϵ) =

1+
ah

1+
bh

1+ ch

sinϵ +
ah

sinϵ +
bh

sinϵ + ch

(11.57)

mw(ϵ) =

1+
aw

1+
bw

1+ cw

sinϵ +
aw

sinϵ +
bw

sinϵ + cw

(11.58)

While in earlier mapping functions the coefficients mostly depended only on the geo-

graphic latitude of the telescope (Herring, 1992; Niell, 1996), modern mapping functions

are inferred from numerical weather models (J. Böhm and Schuh, 2004; J. Böhm et al.,

2006; Landskron and J. Böhm, 2018).

The importance of the mapping functions becomes clear when we consider that at lower

elevation angles, the signals pass through multiples of the atmosphere thickness in zenith

direction and that they also multiply any error in the zenith delays. It is thus convenient to

relate the elevation angles, at least roughly, with the number of atmospheres to be passed

(e.g., Dodson et al., 1996). A few of these numbers are listed in Tab. 11.2.

The hydrostatic component of the extra path length in zenith direction∆Lz
h follows a de-

velopment of (Saastamoinen, 1972; Saastamoinen, 1973a; Saastamoinen, 1973b), finally
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Table 11.2: Relationships of elevation angles and number of atmospheres to be passed.

Elevation Number of
angle atmospheres
90◦ 1
30◦ 2
20◦ 3
10◦ 5,7
5◦ 11,5
3◦ 19,1

formulated by Davis et al. (1985) as

∆Lz
h = 0.0022768 [m hPa−1]

P◦
(1 − 0.00266 cos2φ − 0.00028 H)

. (11.59)

It predominantly depends on the barometric pressure at the height of the VLBI reference

point P0 [in hPa] and to a very small degree on latitude φ and the height above the geoid

H. At sea level this corresponds to roughly 2.28 m extra path length or 7.6 ns.

The hydrostatic path delay for each observation can be applied a priori according to

∆τatmh(ϵ) =
1
c
·∆Lz

h ·mh(ϵ). (11.60)

A determination of the wet component along the line of sight ∆Lw with sufficient accu-

racy regularly fails because it would need a solution for an integral along the path length

over the partial pressure of the water vapor e, the temperature T and some compressibility

factor Zw ≈ 1 (Owens, 1967) scaled by the mean temperature Tm according to the model

developed by Elgered (1982):

∆Lw = [1+ 6× 10−5 Tm]3.754

∫

S

e
T2

Z−1
w ds. (11.61)

The reason is that the water vapor in the atmosphere is highly variable in space and time.

Our inability to do a forward modeling of the wet component with sufficient accuracy

leads to the generally applied strategy to just estimate an extra delay in zenith direction

attributed to water vapor ∆τz
w = ∆Lz

w/c after the observations have been calibrated with

a model hydrostatic contribution according to Eq. 11.60. More details on the background

of refraction in the neutral atmosphere in VLBI can be found in J. Böhm et al. (2013).

11.5.2. Charged atmosphere

In the radio frequency domain, electrically charged particles have severe effects on the

radio sources’ radiation from their origin to their detection by radio telescopes such as
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retardation and rotation of the polarization plane (See App. C). Since these effects are

frequency dependent the charged particles are said to cause dispersive effects. With our

radio telescopes, we encounter dispersion as the integral of all charged particles along the

electrical path in the direct vicinity of the source, the interstellar plasma, the solar corona

(if rays are passing close enough), and finally of the Earth’s charged atmosphere, which is

commonly called the ionosphere.

Except of special tests of solar corona effects (Soja et al., 2014), geodetic VLBI has to

deal mainly with the Earth’s charged atmosphere. In this context, Eq. 11.49 gave the

group refraction index ng as the sum of the monochromatic phase velocity nnp and the

frequency-dependent changes. In terms of the observing frequency ν, the first summand

depends on the electron content EC with

nion
ph = 1−
�

40.3
ν2
+

74.1× 106

ν3

�

· EC (11.62)

(Alizadeh et al., 2013; Brunner and Gu, 1991). In most applications, the second term can

be ignored. The total electrical path length L ion
ph is again the integral over the geometric

path S

L ion =

∫

S
nion

ph ds =

∫

S

�

1−
�

40,3
ν2
+

74, 1× 106

ν3

�

· EC

�

ds (11.63)

which can be reformulated as

L ion
ph = S −
�

40, 3
ν2
+

74,1× 106

ν3

�∫

S
EC ds. (11.64)

With the integral now purely applicable to the electron content and resulting in the total

electron content along the geometrical path length T EC , the extra path length ∆L ion
ph is

∆L ion
ph = −
�

40,3
ν2
+

74, 1× 106

ν3

�

· T EC + (S − G) (11.65)

and the correction to the phase delay ∆τion
ph and to the total phase is ∆Φion are

∆τion
ph = −
�

40,3
c · ν2

+
74, 1× 106

c · ν3

�

· T EC +
(S − G)

c
(11.66)

and

∆Φion = −
2π
λ

�

40, 3
ν2
+

74,1× 106

ν3

�

· T EC +
2π
λ
(S − G), (11.67)

respectively. If we replace the wavelength λ by f /ν we find that

∆Φion = −
2π
c

�

40,3
ν
+

74, 1× 106

ν2

�

· T EC +
2πν

c
(S − G), (11.68)
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which shows us that the phase acceleration is inverse to the frequency ν.

The refraction index for a group of waves nion
gr looks quite similar to that of the monochro-

matic phase:

nion
gr = 1+

�

40.3
ν2
+ 2 ·

74.1× 106

ν3

�

· EC (11.69)

which leads to an extra delay ∆τion
gr

∆τion
gr =

�

40.3
c · ν2

+ 2 ·
74.1× 106

c · ν3

�

· T EC +
(S − G)

c
(11.70)

However, the signs of Eq. 11.68 and Eq. 11.70 are different, minus for the phase (in fact the

phase is accelerated through the ionosphere) and plus for the time delay. For this reason,

the ionosphere correction for the phase delay and total phase need to be added instead of

subtracted as for the group delay. The retardation of the wavefront is inversely proportional

to the square of the frequency ν.

The electron content is measured in electrons per square meter. The total electron content

is thus the number of electrons in a column with a base of 1 m2. The electron content varies

predominantly through the sun’s radiation and its variability. At night the TEC in zenith

direction is approx. 5 × 1016 electrons, while at daytime it is approx. 5 × 1017. 1 TECU

(TEC Unit) is 1× 1016 electrons. At 8.4 GHz (X band) the extra group delay (for a single

location) is approx. 1 nanosecond (ns)(0.3 m) at daytime and 100 picoseconds (ps)(3 cm)

at nighttime, while at 2.3 GHz (S band) it is 13 ns and 1.3 ns, respectively.

As for the integrals of the neutral atmosphere, the difficulty with the charged atmosphere

is that we need the total electron content along the geometric path length with sufficient

accuracy. However, since the dispersive effect can be modelled straight forwardly, VLBI

observations have always been carried out with two separate frequencies (at X band and S

band, Sec. 3) for calibration of the primary observing frequency, i.e., X band. The correction

∆τX
ion for the X band observable is easily computed by

∆τX
ion = (τS −τX ) ·

ν2
S

ν2
S − ν

2
X

(11.71)

where τS and τX are the measured multiband group delays and νS and νX the observed

frequencies at S band and X band, respectively. Since the observed frequency of each band

actually results from a combination of several frequencies through bandwidth synthesis,

these frequencies need to be computed as a weighted mean over all channels N

νgr =

√

√

√

√

√

√

√

√

N
∑

i=1
ρi ·

N
∑

i=1
ρi(νi − ν0)2 −
�

N
∑

i=1
ρi(νi − ν0)

�2

N
∑

i=1
ρi(νi − ν0) ·

N
∑

i=1

ρi
νi
−

N
∑

i=1
ρi ·

N
∑

i=1
ρi
νi−ν0
νi

(11.72)
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ρi are the weights of individual channels which can be computed from the number of

correlated bits or SNR. ν0 is the reference frequency of the bandwidth synthesis setup, e.g.,

channel #1 (Herring, 1983; Petrov, 2001).

More details of ionospheric refraction are described in Alizadeh et al. (2013).

11.6. Further model contributions

For the final geometric time delay in the terrestrial system, all known contributions have

to be added to Eq. 11.45. The first ones are those of refraction through the ionosphere

∆τion according to Eq. 11.71 and through the neutral atmosphere ∆τatmh according to

Eq. 11.60. At this point we also have to take into account that besides the aberration effects

in vacuum embedded in Eq. 11.45, the path through the charged and neutral atmosphere

at telescope 1 also permits telescope 2 to change its position due to the rotation of the Earth

and its movement in space before the signal arrives there causing an additional aberration

contribution ∆τabbatm

∆τabbatm =∆τatm(1) ·
K · (w(2) −w(i))

c
. (11.73)

Further known corrections to be applied to the theoretical delay are tidal displacements

and loading effects caused by the variability in the load forces of the oceans and the at-

mosphere. A complete list of them can be found in the Conventions of the International

Earth Rotation and Reference Systems Service (IERS) (Petit and Luzum, 2010) with many

references to the original scientific publications.

These effects all lead to displacements of the radio telescopes∆Xmod on the inter-annual

to sub-daily time scale. Since they are all in the linear domain for the analysis at hand,

their impact can be easily transferred to the time delay domain through computing

∆τmod =
∂ τ

∂ Xmod
·∆Xmod . (11.74)

It should be noted that the latter contributions, which are coordinate displacements in

their original form, do not necessarily need to be applied at this stage. As adopted in some

software packages they may also be applied to the a priori coordinates before going through

the full relativistic formulation in Eq. 11.45 (Fig. 11.9).

The formulation of the final theoretical or a priori delay depends on whether the correc-

tions mentioned above are actually applied to the observed delay, to the geometry or to the

a priori delay. In

τapriori = τvac +∆τabbatm +∆τE.T. +∆τP.T. +∆τO.L. +∆τA.L. (11.75)

the contributions ∆τE.T. of the Earth tides, ∆τP.T. of the pole tide, ∆τO.L. of ocean load-

ing, and ∆τA.L. of atmospheric loading are applied to the theoretical delay. In contrast to
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this,∆τT.E. the contribution of the telescopes’ thermal expansion,∆τG.D. of the telescopes’

gravitational deformations, and∆τIns of the telescopes’ cable delays (Sec. 9.2) are applied

as corrections to the observed delay

τobscor r = τobs −∆τion −∆τatmh −∆τT.E. −∆τG.D. −∆τCable (11.76)

All the ∆τ∗ have of course to be computed as differences related to telescope 1 and 2. Ap-

plying the respective effects to the theoretical delays provides the c (computed ≡ τapriori)

vector and the vector of observations o (observed ≡ τobscor r ). Forming the differences pro-

duces the linearized observation vector

y= o− c (11.77)

for the parameter estimation.

11.7. Parameter estimation

Various estimation schemes exist to determine the parameters of interest from VLBI multi-

band group delay observations. The primary difference is how these handle the stochastic

nature of the clocks and in particular the atmosphere. Kalman Filter (Herring et al., 1990;

Kalman, 1960; Nilsson et al., 2015; Soja et al., 2015), least-squares collocation (Titov,

2000), square-root information filters (Bolotin, 2000) treat the wet part of the atmosphere

and also the clock behavior as a purely stochastic process. However, most common are

standard least-squares adjustments in Gauß-Markov models. It should be mentioned here,

that in comparison campaigns it could not be substantiated that any of these estimation

processes produces superior results. A drawback of the Filter solutions is, that combina-

tion of the results on the basis of normal equation systems is not possible directly, and for

least-squares collocation, the extraction of a partly resolved normal equation system is quite

complicated.

11.7.1. Gauß-Markov model

The estimation process in a Gauß-Markov model can be followed easily in Fig. 11.9, where

the raw observations produced in the correlation and fringe fitting process are first corrected

for all known effects mentioned before including the hydrostatic part of the atmosphere.

On the right hand side, the radio source positions are transformed into position of date by

the precession/nutation rotations composed in the rotation matrix Q(t) in Eq. 11.93. The

a priori telescope coordinates on the right hand side are mostly those of the ITRF (Sec.

11.1.1) which are transformed to the epoch of the observations by applying the corrections

for the station velocity components in the ITRF and the rotations from the catalog frame
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to the frame of date through the Earth rotation parameters, polar motion and the Earth’s

phase of rotation. Further corrections to the coordinates are the effects of the Earth tides,

the pole tide, oceanic and atmospheric loading effects as mentioned above.

Earth tides

continental drift

radio source position

precession/nutation

pole tides

Earth rotation (3D)

transformation into
SS barycentre

geometry at epoch of observation

− clock parameters

− telescope coordinates − radio source positions
− pole coordinates/UT1−UTC − nutations parameters

− atmosphere parameters

O − C

model group delay from

SSB geometry (relativistic)

time transformation (coord. −> proper)

observed
group delay

oceanic loading

atmospheric loading

local deformations

outliers ??

gravitational

thermal

hydrostatic

atmosphere

ionosphere

a priori telescope coordinates

target parameters

normal equation system right hand side

observable

corrected

instrumental

deformation

calibration

expansion

observation equations from geometry

=> design / Jacobi matrix

Figure 11.9: Standard Gauss-Markov model VLBI analysis data flow.

Starting point for the explanation of the parameter estimation in the Gauß-Markov model

is the so-called observation equation based on the initial formulation in Eq. 11.29. Since the

two clocks are never synchronized to the accuracy needed, the geometric model is expanded

for the respective, time dependent clock offset. The clock behavior is time dependent and
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we can formulate the clock contributions ∆τclo as second order polynomials

∆τ(t)clo = −(T
(1)

0 +T (1)1 · (t − t0) +T
(1)

2 · (t − t0)2) (11.78)

+(T (2)0 +T (2)1 · (t − t0) +T
(2)

2 · (t − t0)2)

to be added to Eq. 11.29. T ∗j are the parameters of the clock polynomial at telescope (1)

or (2).

The contribution of the refraction caused by water vapor, which we like to estimate, is

expressed as the product of a zenith effect and a mapping function (Sec. 11.5). In a simple

form, we can then write the observation equation as

τobs(t) = −1
c b ·W(xp, yp) · S(θ ) ·Q(X , Y ) · k (11.79)

−(T (1)0 +T (1)1 · (t − t0) +T
(1)

2 · (t − t0)2)

+(T (2)0 +T (2)1 · (t − t0) +T 2
2 · (t − t0)2)

+m(1)w · AT
1 +

+m(2)w · AT
2 +

+τcor r + ε

with

k unit vector in source direction (Eq. 11.31) its three components ki
b baseline vector (Eq. 11.30)
c velocity of light
W rotation matrix for polar motion

with the angular arguments xp and yp
S rotation matrix for the daily spin of the Earth

with the angular argument θ/UT1
Q transformation matrix for precession and nutation

with the angular arguments X and Y
T ∗j parameters of the clock polynomial at telescope 1 or 2
m∗w mapping function of the wet part of the atmosphere at station 1 or 2
AT ∗ zenith wet delays at station (1) or (2)
τcor r sum of all corrections
ε measurement noise.

In a least squares adjustment of VLBI observations, the clock parameters always have

to be estimated because of the lack of synchronized clocks at far distant locations. All

other parameters of interest such as telescope coordinates, Earth orientation parameters,

radio source positions, and zenith wet delays may be included in the vector of unknown

parameters x more or less freely depending on the observation constellation.
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The classical least squares adjustment in a Gauß-Markov model reads

y= A · x+ v (11.80)

with the covariance matrix of the observations Σyy. Here, y describes the n × 1 vector of

the abbreviated observations (Eq. 11.77), x is the m × 1 vector of the unknown parameters

and v is the n× 1 vector of the residuals (Koch, 1999). A is the n×m Jacobian or linearized

design matrix containing the partial derivatives of the observations w.r.t. the parameters to

be estimated

A(i, j) =
∂ τobs,i

∂ x j
. (11.81)

Σyy is the covariance matrix of the observations according to Eq. 11.86 and the inverse

of the covariance matrix is the weight matrix P = Σyy
−1. The vector of the estimated

parameters x̃ is computed with

x̃= (ATΣ−1
y yA)−1 AT Σ−1

y y y (11.82)

minimizing the sum squared of residuals

vT Pv . . .min. (11.83)

N= (ATΣ−1
y yA) (11.84)

N is the normal matrix which needs to be inverted for achieving a solution.

The residuals v can be computed from

v= A · x̃− y, (11.85)

(Koch, 1999).

11.7.2. Stochastic model

The covariance matrix of the observations Σyy is deduced from the a priori variance factor

σ0 and the cofactor matrix Qyy

Σyy = σ0 Qyy. (11.86)

The co-factor matrix of the observations Qyy regularly only contains diagonal elements,

i.e., the variances of the observations qii = σ2
i which are deduced from the signal-to-noise

ratio of the correlation process (Sec. 10.3). It has been found very early that these are

too optimistic and that the global test of the χ2 factor resulting from the quotient of the
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variance factor a posteriori σ̃2
0 and the variance factor a priori σ2

0

χ2 =
σ̃2

0

σ2
0

withσ̃2
0 =

vT Pv
n−m

(11.87)

fon n observations and m unknowns is nowhere near the required unity. For this reason,

the most common way of handling this problem in operational analyses, i.e., for standard

solutions of the IVS, is by inflating the variances from the correlator σ2
cor r with an additive

constant σ2
add

σ2
ad j = σ

2
cor r +σ

2
add (11.88)

to achieve that the input variances to the adjustment σ2
ad j match those a posteriori and

produces the χ2 in Eq. 11.87 to become close to 1.

The deficit here is twofold. The first is that the error contributions are computed to make

the χ2 in Eq. 11.87 unity, thus they are purely empirical and lack any physical explanation.

The second deficit is that correlations between observations are ignored entirely.

Various attempts have been made to cope with this problem, also for other space geodetic

techniques, but solutions tended to be computationally expensive and thus not suitable for

operational application. Lately, a very promising approach was published by using turbu-

lence theory as the driver for the correlations. Due to its extremely good results and even

more so that the algorithm has favorable runtime costs, it is well suited for operational

applications (Halsig et al., 2016).

11.7.3. Extension of the functional model

Over the years, it had been realized that the functional model of the least squares adjust-

ments in Gauß-Markov models as formulated in Eq. 11.79 could be improved in several

areas. The first one to mention is the increase of time resolution for the zenith wet delays

and the clock parameters, but can also be applied to Earth rotation parameters as realized

in the Vienna VLBI and Satellite Software, VieVS (Böhm et al., 2018). For this purpose,

the parameter model is expanded with a number of additional parameters using continu-

ous piece-wise linear functions (CPWLF) or linear splines (De Boor, 1978) of suitable time

segments such as one hour or less for zenith wet delays and clocks, or 24 h at day breaks

for ERP. In the case of the short time intervals of 1 h and below, the parameterization can

be interpreted as a pseudo-stochastic modelling of moderately rapid changing phenomena.

CPWLFs come along as continuous piece-wise linear polygons (Fig. 11.10) where the

polygons can be formulated in two different ways. The first one is an initial offset (func-

tional value) at a reference epoch t0 plus a new rate parameter for every segment of pre-

defined duration (e.g., 20, 30 or 60 minutes). The functional values for each observation

epoch t can be formulated according to Eq. 11.89 depending on the rates ri and the seg-

ment limits t i . This also serves as (part of) the VLBI observation equation which is the basis
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for the partial derivatives of the offset f (t0) and rate parameters ri .
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Figure 11.10: Continuous piece-wise linear offset parameter representation with observa-
tions (black dots) for a generic parameter.

f (t) = f (t0) + r1(t1 − t0) + r2(t2 − t1) + ...+ rn(t − tn−1) (11.89)

The functional values depend on the nature of the parameter such as f (t) = T and f (t) =

m(1)w ·AT
1 for the clock offsets and zenith wet delays, respectively, or the polar motion and

dUT1 parts of Eq. 11.79. The rates also depend on the functional values fi at the limits of

the intervals.

ri =
f (t i)− f (t i−1)

t i − t i−1
(11.90)

Consequently, we can introduce Eq. 11.90 in 11.89 and get a functional model purely based

on the functional values (offsets) fi (Eq. 11.91).

f (t) = f (t0)

+
f (t1)− f (t0)

t1 − t0
(t1 − t0)

+
f (t2)− f (t1)

t2 − t1
(t2 − t1)

+
f (t i+1)− f (t i)

t i+1 − t i
(t − t i)

+ ... (11.91)

The approach using the functional values or offsets (Eq. 11.91) is equivalent to that

applying and estimating the rates (Eq. 11.89). To expand the observation equation (Eq.

11.93) for these parameters, they are added in lines 4 and 5. The same mechanism also

applies to the temporal resolution of the zenith wet delays for which the observation equa-

tion (Eq. 11.93) is expanded in lines 6 and 7.
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For convenience, the reference epoch of the first relative clock offset parameter f (t0) has

always been set to the start of the respective session in almost all VLBI analysis packages.

This has the consequence that, due to error propagation, the formal errors of the estimated

clock offsets increase with time as can be seen in Fig. 11.11 (bottom/red) part. Changing

the clock reference epoch to the middle of the session improves the formal errors of the clock

offset and rate parameters but has no effect on the other parameters of a VLBI solution. For

more details on this issue see Nothnagel and Krásná (2021).
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Figure 11.11: Estimates [cm] of clock piece-wise linear polygons for OV-VLBA in session
17NOV28XA. 1 cm =̂ 33 ps. Units of x axis are hours since the session start.
Bottom = Reference epoch at beginning of session, Top = reference epoch at
middle of session. For more information see Nothnagel and Krásná (2021).

So far, the functional model of atmospheric refraction assumes isotropy and just contains

the wet delay in zenith direction as one or more parameters to be estimated. However, this

does not account for the anisotropy of refraction which may be caused, e.g., by the increased

thickness of the atmospheric layers towards the equator. For this reason, MacMillan (1995)

introduced gradients in the model

τgrad(t) = +m(1)w (ϵ
(1)) · cotϵ(1) · [G (1)n cosα(1) +G (1)e sinα(1)] (11.92)

+m(2)w (ϵ
(2)) · cotϵ(2) · [G (2)n cosα(2) +G (2)e sinα(2)]

It should be emphasized here, that any remaining unmodeled hydrostatic contribution

will be compensated for in the estimated wet component and in the gradients. The same
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applies to inaccurate pressure monitoring at the sites. For this reason the absolute values

of the wet zenith delays may not be representative or even utterly wrong, e.g., if they are

negative.

Taking all the augmentations of the functional model into account, the full observation

equation in a Gauss-Markov model then reads

τobs(t) = −1
c b(t) ·W(t) · S(t) ·Q(t) · k (11.93)

−(T (1)0 +T (1)1 · (t − t0) +T
(1)

2 · (t − t0)2)

+(T (2)0 +T (2)1 · (t − t0) +T
(2)

2 · (t − t0)2)

−(T (1)(t0) +
T (1)(t1)−T (1)(t0)

t1−t0
(t − t0) + ...+ T (1)(t i)−T (1)(t i−1)

t i−t i−1
(t − t i))

+(T (2)(t0) +
T (2)(t1)−T (2)(t0)

t1−t0
(t − t0) + ...+ T (2)(t i)−T (2)(t i−1)

t i−t i−1
(t − t i))

+m(1)w · [AT
(1)(t0) +

AT (1)(t1)−AT (1)(t0)
t1−t0

(t − t0) + ...+ AT
(1)(t i)−AT (1)(t i−1)

t i−t i−1
(t − t i)]

+m(2)w · [AT
(2)(t0) +

AT (2)(t1)−AT (2)(t0)
t1−t0

(t − t0) + ...+ AT
(2)(t i)−AT (2)(t i−1)

t i−t i−1
(t − t i)]

+m(1)w (ϵ
(1)) · cotϵ(1) · [G (1)n cosα(1) +G (1)e sinα(1)]

+m(2)w (ϵ
(2)) · cotϵ(2) · [G (2)n cosα(2) +G (2)e sinα(2)]

+τcor r + ε

with

T ∗j parameters of the clock polynomial at station 1 or 2
T (∗)(t i) coefficients of linear splines at telescope (1) or (2) for a specific epoch t i parametrized

as continuous piece-wise linear functions (CPWLF), i.e., linear splines
m(∗)w mapping function of the wet part of the atmosphere at telescope (1) or (2)
AT ∗(t i) zenith wet delays parametrized as CPWLF at telescope (1) or (2) for a specific epoch t i

G (∗)n/e atmospheric gradients in north or east direction at telescope (1) or (2)

It should be mentioned that in most analysis packages using least squares adjustments in

Gauß-Markov models, the clock parameters are modelled with a second order polynomial

and a superimposed piece-wise linear polygon as described above and formulated in Eq.

11.93. Although this seems to be an over-parameterization of the clock behavior and the

correlation coefficient between the clock parameters are extremely high, the approach still

serves a purpose. The reason is, that the course of the parameters in time can then be

constrained more easily if the number of observations is insufficient.
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11.7.4. Partial derivatives

According to Eq. 11.81, the design matrix contains the partial derivatives of the observed

delay with respect to the unknown parameters. Taking the extended observation equa-

tion, Eq. 11.93 as the basis, the partial derivatives can be sorted according to sequence of

parameters as they appear in there.

The first parameters are the telescope coordinates embedded in the baseline vector ac-

cording to Eq. 11.30. The b vector in turn appears in a product with a few other parameters,

the EOP and radio source positions. The product rule of derivatives simplifies the following

derivation because only the factor of the baseline vector is dependent on the telescope co-

ordinates while the other factors are not. In addition, the same applies to all other lines of

Eq. 11.93. For this reason, we can restrict the derivation of the partials w.r.t. the telescope

coordinates to the geometry components in the first line of Eq. 11.93 which reads

τobs(t) = −
1
c







x(2) − x(1)
y(2) − y(1)
z(2) − z(1)






·W(t) · S(t) ·Q(t) ·







cos δc · cos αc

cos δc · sin αc

sin δc






(11.94)

when we expand the b and k matrices with the respective terrestrial coordinates according

to Eq. 11.30 and celestial positions according to Eq. 11.31. The radio source positions αc

and δc are referred to the current realization of the ITRS, which are the most up-to-date

catalog positions.

The partial derivatives, which we need, are those of the observed delay with respect

to the parameter of interest at the time and location of the linarized geometry. In most

cases the parameter is present only in one of the factors of Eq. 11.93. For this reason, the

derivation of any partial derivative can be split into an affected and unaffected part such as

∂ τobs(t)
∂ x(1)

= −
1
c
∂ b
∂ x(1)

·W(t) · S(t) ·Q(t) · k (11.95)

reducing the computational costs considerably. In the case of the x coordinate of telescope

(1), the derivative is

∂ b
∂ x(1)

=







−1

0

0






. (11.96)

For the y and z components as well as for those of telescope (2), the matrix of derivatives

looks correspondingly. The full expression for the x component of telescope (1), also as an

example for all other parameters, then reads

∂ τobs(t)
∂ x(1)

= −
1
c







−1

0

0






·W(t) · S(t) ·Q(t) ·







cos δc · cos αc

cos δc · sin αc

sin δc






(11.97)
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For the derivations of the partial derivatives of the EOP, we need to recall the structure

of the rotation matrices (Eqs. A.7 - A.9). The partial derivatives of these rotation matrices

is achieved by differentiating all elements individually:

∂R1(α)
∂ α

=







0 0 0

0 − sinα cosα

0 − cosα − sinα






(11.98)

∂R2(α)
∂ α

=







− sinα 0 − cosα

0 0 0

cosα 0 − sinα






(11.99)

∂R3(α)
∂ α

=







− sinα cosα 0

− cosα − sinα 0

0 0 0






(11.100)

For the partial derivatives for polar motion we can apply the same concept as for the

telescope coordinates which in this case is just to perform the derivation of the respective

rotation matrix in the model because none of the other factors depends on the polar motion

parameters. This then yields

∂ τobs(t)
∂ (xp|yp)

= −
1
c

b ·
∂W(t)
∂ (xp|yp)

· S(t) ·Q(t) · k (11.101)

Again, each element of the original rotation matrix, here it is Eq. 11.7, is to be deviated

individually providing for the xp component

∂W(t)
∂ xp

=







0 0 −1

0 0 0

1 0 0






(11.102)

and

∂W(t)
∂ yp

=







0 0 0

0 0 −1

0 1 0






(11.103)

The multiplication in Eq. 11.101 then yields the numerical values. The same mechanism of

forming the partial derivatives just applying the derivation to the respective rotation matrix
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also applies to the Earth rotation angle:

∂ τobs(t)
∂Θ

= −
1
c

b ·W(t) ·
∂ S(t)
∂Θ
· ·Q(t) · k (11.104)

where the rotation matrix Eq. 11.12 is the basis for

∂ S(t)
∂Θ

=







− sinΘ cosΘ 0

− cosΘ − sinΘ 0

0 0 0






(11.105)

For the partial derivatives for the adjustments of the nutation offsets dX and dY we apply

the same scheme as before with

∂ τobs(t)
∂ (X |Y )

= −
1
c

b ·W(t) · S(t) ·
∂Q(t)
∂ (X |Y )

· k (11.106)

However, we have to recall that according to Eq. 11.26

Q(t) = Q′T (t) ·R3(s) (11.107)

both rotation matrices depend on X and Y . For this reason, we have to apply the product

rule
∂Q(t)
∂ X

=
∂Q′T (t)
∂ X

·R3(s) +Q′T (t) ·
∂R3(s)
∂ X

(11.108)

for the parameter X , and the same for Y

∂Q(t)
∂ Y

=
∂Q′T (t)
∂ Y

·R3(s) +Q′T (t) ·
∂R3(s)
∂ Y

(11.109)

On the basis of the rotation matrix Eq. 11.22 together with Eq. 11.21 we find

∂Q′T (t)
∂ X

=







−X − 1
2 X 3 − 1

4 X Y 2 −1
2 Y − 3

8 X 2Y − 1
8 Y 3 1

−1
2 Y − 3

8 X 2Y − 1
8 Y 3 −1

4 X Y 2 0

−1 0 −X − 1
2 X 3 − 1

2 X Y 2







(11.110)

and

∂Q′T (t)
∂ Y

=







−1
4 X 2Y −1

2 X − 3
8 X Y 2 − 1

8 X 3 0

−1
2 X − 3

8 X Y 2 − 1
8 X 3 −Y − 1

4 X 2Y − 1
2 Y 3 1

0 −1 −Y − 1
2 Y 3 − 1

2 X 2Y







(11.111)

and for the CIO locator s according to Eq. 11.25 and the respective rotation matrix around

110



11 DATA ANALYSIS

the 3-axis:

∂R3(s)
∂ X

=







Y
2 sin s − Y

2 cos s 0
Y
2 cos s Y

2 sin s 0

0 0 0






(11.112)

and

∂R3(s)
∂ Y

=







X
2 sin s − X

2 cos s 0
X
2 cos s X

2 sin s 0

0 0 0






(11.113)

The final geometrical parameters are the position components of the source positions

where we apply
∂ τobs(t)
∂ (α|δ)

= −
1
c

b ·W(t) · S(t) ·Q(t) ·
∂ k

∂ (α|δ)
(11.114)

Performing the partial differentiation on Eq. 11.31 yields

∂ τobs(t)
∂ α

= −
1
c

b ·W(t) · S(t) ·Q(t) ·







− cos δc · sin αc

cos δc · cos αc

0






(11.115)

∂ τobs(t)
∂ α

= −
1
c

b ·W(t) · S(t) ·Q(t) ·







− sin δc · cos αc

− sin δc · sin αc

cos δc






(11.116)

Besides the purely geometric parameters we also have to estimate clock and atmosphere

parameters. The partial derivatives for both groups again follow the observation equation

Eq. 11.93. For the clock offsets, rates and second order terms we find

∂ τobs(t)

∂T (∗)0

= 1
∂ τobs(t)

∂T (∗)1

= (t − t0)
∂ τobs(t)

∂T (∗)2

= (t − t0)
2 (11.117)

(∗) is again the wildcard index for the telescopes.

The partials for the piece-wise linear offsets as formulated in Eq. 11.91 are a bit more

complicated to organize because they depend on the interval boundaries. They have the

form

∂ τobs(t)
∂Ti−1

=

¨

1− t−t i−1
t i−t i−1

for t i−1 < t < t i

0 for all other epochs

∂ τobs(t)
∂Ti

=

¨ t−t i−1
t i−t i−1

for t i−1 < t < t i

0 for all other epochs
(11.118)

This leads to a block diagonal scheme of the partials in the design matrix as depicted in

Fig. 11.12.
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Figure 11.12: Schematic distribution of magnitudes of partial derivatives for piece-wise
linear offsets, lines for observations, columns for parameters (red = 0, blue
= 1)

Finally, we come to the last group of standard parameters, the (excess) zenith wet path

delays. As for the clock parameters, the simplest approach is to estimate just one offset for

the whole session but this, of course, is not sufficient, not even with a temporal slope, be-

cause the atmosphere is highly variable in time and space. As a first refined approach, the

session interval is subdivided into multiple piece-wise linear segments of regular duration

between 15 minutes and a few hours. Here, the same applies as with the clock parame-

ters namely that according to Eq. 11.118 the observations contribute information to the

parameters only within their segment. For the general ZWD offset, the partial derivative

for telescope (∗) is simply the mapping function (as introduced in Eq. 11.56)

∂ τobs(t)

∂AT (∗)(t0)
= m(∗)w (ϵ) (11.119)

As for the clock parameters, we can again increase the temporal resolution by introducing

piece-wise linear segments for which the offsets at the beginning and end of each segment
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are set up for estimation. The partial derivatives are again derived from Eq. 11.93 following

∂ τobs(t)
∂AT i−1

=

¨

m(1)w (ϵ) · (1−
t−t i−1
t i−t i−1

) for t i−1 < t < t i

0 for all other epochs

∂ τobs(t)
∂AT i

=

¨

m(1)w (ϵ) · (
t−t i−1
t i−t i−1

) for t i < t < t i+1

0 for all other epochs
(11.120)

The use of continuous piece-wise linear offset parameter estimation is not restricted to

clocks and zenith wet delays alone but can also be applied to other target parameters such

as the Earth rotation parameters. The general formulation for the partial derivatives for a

parameter x̃ is

∂ τobs(t)
∂ x̃ i−1

=

¨

∂ τobs(t)
∂ x̃ · (1− t−t i−1

t i−t i−1
) for t i−1 < t < t i

0 for all other epochs

∂ τobs(t)
∂ x̃ i

=

¨

∂ τobs(t)
∂ x̃ · ( t−t i−1

t i−t i−1
) for t i−1 < t < t i

0 for all other epochs
(11.121)
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11.7.5. Phase observations

Besides the group delay observations, which are the principle working domain of the VLBI

analysts, the interferometer phase observations are of interest in selected cases as well.

One area of applications for the phase observables are local, short distance VLBI observing

sessions. As already described in Sec. 2.2, the phase observable may come along as a total

phase or as a phase delay. Mostly, the fringe fitting programs such as fourfit or PIMA report

them in station-based time reference frame. In principle, for these the same applies as

for the group delay observations as described above, i.e., the geophysical models and the

estimation process are the same, for example, as in Eq. 11.93. However, we need to take

into account a few peculiarities of the phase observables.

The first effect to be taken care of has to do with the fact that the feed horns of telescopes

with azimuth-elevation (Fig. 5.3) or XY mounts (Fig. 5.5) change their principal axes with

respect to the celestial sphere when switching between radio sources. The effect applies to

both circularly and linearly polarized feed horns. By the way, this is not the case for polar

mounts (Fig. 5.4).

For both telescopes (i), the parallactic anglesψRS(i) need to be computed (see Appendix

B) and to be subtracted for the baseline

∆ψRS =ψ
(2)
RS −ψ

(1)
RS . (11.122)

For application to the phase delay (as a time delay quantity) it has to be divided by 2π ·ν0

(Cotton, 1993)

∆τψRS
=
ψ
(2)
RS −ψ

(1)
RS

2π · ν0
(11.123)

ψRS is zero for observations along the local meridian serving as the reference for applying

corrections to the observed phase for feed rotations.

The second effect is the ionosphere of generally all dispersive effects. Although the iono-

sphere induces the need for corrections only for baselines longer than a few tens of kilome-

ters, the ionosphere calibrations needs to be mentioned here for completeness. The reason

is that comparing Eqs. 11.70 and 11.67, we see that the sign of the correction for group

delays and phases is opposite. For this reason, we need to be careful with the sign when ap-

plying total phase and phase delay corrections from dual band observations. Unfortunately,

even the ionosphere calibrations suffer from the 2π ambiguity problem and attempts to use

phase observations for longer baselines were only tried many years ago (Petrov, 1999).

Depending on the analysis software, phase observations can either be handled in the

same way as group delays, i.e., using the phase delay (in seconds), or as phase observable

using total phase (in radian) (Sec. 10.6) provided that the above is taken into account. The

method of choice is mostly the use of the phase delay. According to Eq. 10.16 the initial

representation of this quantity contains the apriori (model) delay of the correlator and is

thus free of the many phase turn ambiguities already "known" to the model.
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The actual way of handling the observed total phases or phase delays are handled in

the Level 2 analysis stage depends on how the observables are carried over in the analysis

pipeline. At the time of writing (August 2021), only the total phase computed according

to Eq. 10.18 is carried over from fourfit via vgosDBmake to the vgosDB data bases. This

requires additional computing steps to derive the phase delay for the analysis programs.

First, the phase delay ambiguities need to be determined. The ambiguity spacing □τamb
ph

is inferred from the observing frequency (reference frequency) ν0 in Hz with

□τamb
ph =

1
ν0

(11.124)

which is around 100 - 120 ps at X band.

The residual phase delay ∆τph in seconds determined from the ambiguous total phase

(mod 2π) φtotal(ν0) in radians as exported from the fringe fitting program is

∆τph =
φtotal(ν0)

2π · ν0
(11.125)

N.B.: fourfit exports φtotal(ν0) in degrees.

Then, the number of phase ambiguities N can be computed in multiple ways depending

on what composes the delay which is represented by N, τN . If we want to reproduce

what the fringe fitting program, e.g., fourfit, subtracted initially, we have to apply the a

priori delay of the correlator model τg and subtract the ambiguous total phase delay ∆τph

(compare Eq. 10.18 and 10.19) and apply the delay contribution of the parallactic angle

difference ∆τψRS

τN1
= τg −∆τph −∆τψRS

. (11.126)

We also have the option to use the observed total group delay τgr and to add any multiple

ngr of the group delay ambiguity spacing □τamb
gr (mostly 50, 100 or 200 ns) originating

from the FFT process in fringe fitting and identified in the analysis process

τN2
= τgr −∆τph −∆τψRS

[+ngr ·□τamb
gr ] (11.127)

The residual phase delay∆τph is subtracted again for compensating for Eq. 10.18 as in Eq.

11.126.

The integer number of phase delay ambiguities N can then be computed with

N = round





τN

□τamb
ph



 (11.128)

where τN is one of the two options of N as above and □τamb
ph is the phase delay ambiguity

spacing of Eq. 11.124. The rounding is done to make N an integer value. If N1 is being

used, the rounding should not even be needed because Eq. 11.128 just reproduces what
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fourfit does with the modulo 2π functions.

Finally, the (total) phase delay to be used in the analysis program is computed as

τph =∆τph + N ·□τamb
ph (11.129)

[These equations following N2 represent what is done within nuSolve and it should be

pointed out that the parallactic angle correction has been applied (already).]

Obviously, Eq. 11.128 forces the ambiguities to be integer and applies the resulting

integer multiples to the total phase delay in Eq. 11.129. As described above, τN can

be computed in different ways and consequently provide different results. However, as

empirical tests have shown, the difference between the two total phase delay computations

(either with N1 or N2) is always an integer number of ambiguity spacings □τamb
ph . The

reason is that the sum of the roundings for the two different N exactly matches the rounding

of the N̄ for the observed minus a priori delay difference, sometimes including a respective

±1 integer. So, the difference between the two paths for N and the respective phase delay is

uncritical because the final phase delay ambiguities need to be identified and compensated

for in a separate analysis step (Herring, 1983).

Finally, we have to look whether the partial derivatives of the observations with respect

to the parameters need to be modified. Since τph is a time delay, we can use the partials of

Sec. 11.7.4 directly. For the total phases, we use sequential derivation for the parameters

P and find
∂ φtotal

∂ P
=
∂ φtotal

∂ τph
·
∂ τph

∂ P
(11.130)

Taking Eq. 11.125 and reorder it to solve for φtotal we can do the first part of the differen-

tiation and find
∂ φtotal

∂ τph
= 2π · ν0 (11.131)

which is a constant. So, in case we would work with the phase angles, we just have to

multiply the partials from Sec. 11.7.4 with 2π · ν0.

As stated already, phase delay solutions were successfully applied to observations of very

short local baselines (Hase and Petrov, 1999; Niell et al., 2021; Varenius et al., 2021).

Here, only X band observations were used. For phase delay observations of longer base-

lines, where ionosphere calibration is necessary, Petrov (1999) devised an analysis scheme.

Unfortunately, system stability issues inhibited further progress at that time.

11.7.6. Solution types

Before turning to the final estimation, we have to distinguish between single session anal-

ysis and multi-session, so-called global, analysis. The standard parameter set for single

session solutions consists of four groups of parameters which are considered as local pa-

rameters, i.e., only valid at the epoch of the session:
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• the parameters of the clock model

• radio telescope coordinates x i , yi , zi

• Earth orientation parameters, i.e., the two polar motion components xp, yp, the

Earth’s phase of rotation UT1–UTC, two adjustment parameters for the precession/nutation

model dX, dY

• the parameters of the refraction model due to the wet component of the atmosphere.

The single session analysis always is the first step which is mainly devoted to preparing

the session data for establishing the final setup of this session. First of all the ambiguities

have to be resolved, which result from possible ambiguous phase slope (Sec. 10.5). Special

care has to be taken that in all possible triangles the sum of the delays has to close to zero

within a few ns.

After this has been done, the X band group delays are corrected for ionospheric refraction

effects according to Eq. 11.71. It can be expected that systematic biases between the S and

X band delays prevail which contaminate the ionosphere correction. However, since these

are of a constant nature, they will finally disappear in the clock parameter estimates.

Next comes the parameterization of the clock and atmosphere parameters mainly de-

pending on the number of individual delay observations and the possible and necessary

time resolution of the parameters. Eq. 11.93 contains all the parameters which are esti-

mated in routine processing. However, we have to consider two peculiarities. The first is

that we can only estimate clock parameters which are relative to a reference clock. Regu-

larly one of the most stable clocks is selected from experience. For this purpose the design

matrix does not contain coefficients for the reference clock resolving the singularity which

would appear otherwise.

The second caveat is the estimation of the atmospheric refraction parameters. Normally,

VLBI telescopes are far enough apart that the estimates of the wet zenith path delays of

any two telescopes are de-correlated. However, with the advent of more than one radio

telescope at a single observatory, e.g., at Wettzell (Germany), Onsala (Sweden), or Ny Ale-

sund (Norway), the partial derivatives of the first order wet zenith delay of two nearby

telescopes according to Eq. 11.119 and of course all other continuous piece-wise linear

polygons are highly correlated through the almost identical elevation angles. For this rea-

son, only relative zenith wet delays can be estimated in cases where the two telescopes are

close together. As soon as a third telescope provides observations on longer baselines with

different elevation angles, the estimation of absolute zenith wet delays for all telescopes

becomes possible again.

The estimation of parameters of piecewise linear functions does only work if a sufficient

number of observations is available in each segment. Unfortunately, sometimes this is not

the case because of failures or deliberate exclusions. In such a case the system of normal
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equations would become degenerate. However, this is regularly cured by introducing con-

straints in the form of pseudo observations to the effect that the rates between every two

functional values should be zero

d(F(t i)− F(t i−1))
d t

= 0. (11.132)

The selection of the variances of these observations determines how loosely or how tightly

the constraint affects the estimation. For the clock parameters normally a standard devia-

tion on the order of about 5× 10−14 s/s and for the zenith wet delay of about 50 ps/h is

being chosen.

Another issue concerns the fact that the VLBI technique is only capable of producing

relative telescope coordinates. This means that any solution setup per se is free of datum

and the normal equation system would be singular if all telescope coordinates and the Earth

rotation parameters (xp, yp, UT1–UTC) are tried to be estimated. It has a rank defect of

six, three translations and three rotations. In a single session, the simplest option would

be to fix the three coordinate components of one telescope and the three Earth rotation

parameters, i.e., eliminate them from the normal equation system (Sec. 11.8.2).

Another more flexible way being less dependent on the coordinates of a single telescope

is the introduction of no-net-rotation (NNR) and no-net-translation (NNT) conditions for at

least three non-collinear telescopes or even all of them in the network (Angermann et al.,

2004) (Sec. 11.8.3). The selection of the datum telescopes depends on quality of the a

priori coordinates being suitable for the datum definition at hand.

As a final step of the session-wise analysis, an iterative identification process of significant

outliers in the observations can be added applying different kinds of outlier identification

schemes (Koch, 1999). Thus outliers can then be down-weighted for exclusion from the

parameter estimation.

The second type of solutions is a multi-session or global solution. These solutions are car-

ried out to determine parameters which are valid/constant for the whole observing period.

They serve to estimate

• radio source positions

• telescope coordinates at a reference epoch

• linear or higher order velocities of the radio telescopes due to geodynamic effects

Other experimental solutions can be conceived, e.g., for the estimation of the relativistic

factor γ or Love numbers.

A simple way of running these solutions is by stacking pre-reduced normal equation

systems from the session-wise analysis. Pre-reduction in this context means that parame-

ters are excluded from the solution vector by reducing the system of normal equations by
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Gaußian elimination steps (Angermann et al., 2004). When all local parameters are pre-

reduced from the session’s normal equation system, it contains only the coefficients of the

global parameters set up initially. New lines and columns, have to be entered for the linear

or otherwise parameterized, e.g., harmonic, telescope motions (Angermann et al., 2004).

The radio source positions are mostly treated either as constant global parameters or

as session-wise, so-called arc, parameters. The latter approach is chosen when a radio

source evidently manifests position variations. However, new approaches also allow for

intermediate modes with linear spline approximations at predetermined or automatically

chosen time intervals (Karbon et al., 2017).

As the final step, the global parameters, as determined by the stacked normal equation

system, are reinserted in the original session normal equation systems to also estimate the

local parameters. With all parameters estimated the observation residuals can be computed

and an assessment of the errors can be carried out.

The general concept of treating the datum in global solutions is the similar to that of

single session solutions with NNR/NNT conditions (Angermann et al., 2004)(Sec. 11.8.1).

In most of the cases, the latest realization of the ITRF (Zuheir Altamimi et al., 2016) is

taken as the datum frame. For the radio source positions, mostly the defining sources of

the ICRF3 (Charlot et al., 2020) are chosen as the celestial datum for new and/or improved

radio source positions.

11.8. Terrestrial datum definitions

11.8.1. General and functional considerations of terrestrial datum definition

Geodetic and astrometric VLBI data analysis, as for any other geodetic technique, is at first

based on relative relationships in-between the observing network. A group of geodetic

points, i.e., telescope reference points on Earth, in three-dimensional space at a specific

epoch, is a pure point cloud. In the context of geodesy, the ensemble of telescope coordi-

nates can be considered as a (survey) net or likewise as a spatial polyhedron with points at

or near the Earth’s surface (Fig. 11.13).

The VLBI observations, which we perform, establish very precise relative relationships

between these points. Sometimes these relationships are called the geometric configuration.

While the configuration is determined by the observations, there is no such thing for the

absolute position of the polyhedron or network. For this, we apply a datum with a datum

definition. Under the expression datum we understand all definitions which are needed to

locate a stiff polyhedron at a certain place in space with a specific orientation of its axes.

In general, datum definition is a purely conventional (scientifically agreed upon) fixing

where it was/is tried to come close to a physical or at least geometric framework as much

as possible.

On Earth, the VLBI network has six degrees of freedom, three translations and three

rotations. In a 3D Cartesian system, the three translations define where the origin of the
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Figure 11.13: Datum-free polyhedron of past and current VLBI telescopes. Europe is in the
top right, North America top left (Courtesy: Armin Corbin).

coordinates is, the three rotations define in which directions the axes point. In other words,

we may shift our VLBI polyhedron along the coordinate axes (translations) and rotate the

network around the same axes (rotations) into a target frame. The scale, which is the

seventh parameter of a 3D similarity transformation, is fixed explicitly in the data analysis

through fixing the speed of light to the conventional value (299,792,458 m/s).

In the context of datum definition, we also have to take into account that the locations

of the radio telescopes are time dependent because tectonics causes motions of the litho-

sphere. To first order, these motions are linear, which means that, in the simplest approach

but sufficient for the purpose at hand, we can describe them as time derivatives or veloci-

ties. The coordinates then need a time tag and the coordinates xt of a telescope at a certain

epoch t need to be computed as a composite of the coordinates xt0
at a reference epoch t0

and the velocity v "integrated" over the time elapsed since the reference epoch t − t0 (Eq.

11.133).

xt = xt0
+ vx · (t − t0) (11.133)

As a consequence of this, any advanced datum definition also needs a special treatment of

the velocities (see below).

Datum definition can be done in multiple ways as part of the data analysis of VLBI ob-

servations, i.e., within the adjustment process. In almost all cases, the datum is applied by

using a conventional coordinate frame as the target frame.

As already explained above, VLBI observations produce (only) relative configurations of

telescopes. The task of datum definition now is to define the location and orientation of

the free network or polyhedron in a conventional frame to be able to produce coordinates

in a pre-defined frame. Examples of such conventional frames were described in Sec. 11.1.

The need for this may also arise from the facts that the configuration of the polyhedron of

VLBI telescopes may be slightly different to that of the conventional frame (because of new
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and better observations and analysis models) and/or because there may be new stations

which shall be mapped into a conventional frame. Here, we address the mathematical

background of datum definition in the context of VLBI with its six degrees of freedom for

the terrestrial frame.

When we consider the functional models for datum definition, we have two options. In

the first case, telescope coordinates and their covariances have already been determined in

an arbitrary reference frame in a previous VLBI analysis process. We then apply a similarity

transformation to shift and rotate this frame into a conventional one. This can be done

in different ways. In the second case, we incorporate the functionality of the first step

in our VLBI analysis software and apply the datum directly in the analysis. This has the

advantage that we save a processing step but may blank out the transformation parameters

which sometimes are of interest as well.

Although the word transformation suggests that we change the form of the polyhedron

or network, we only consider rigid (similarity) transformations where the polyhedron or

network, respectively its configuration, is not distorted. The form is determined purely by

the VLBI observations.

Before we elaborate on the different methods of datum definition, we should sketch

the general steps and approaches. Let us assume that we have formulated the geometric

model of the datum in some way or other. Then we need to apply it to our VLBI adjustment

problem. In general, we can either apply the datum to the design/Jacobi matrix of the VLBI

adjustment or we apply it to the normal matrix (Tab. 11.3). This depends on the realization

in the individual software packages. In the case of applying the datum to the design matrix,

pseudo-observations are added which reflect information on the datum. For multi-session

analyses, of course the fact, that the telescope coordinates are time dependent, needs to be

formulated for each session individually.

Table 11.3: Methods of terrestrial datum definition.
design/Jacobi Normal

matrix matrix
single session pseudo 3-2-1 Constraint matrix Helmert

datum observations rule BTΣ−1
dd B rendering

multi session pseudo 3-2-1 Constraint matrix Helmert
datum observations rule BTΣ−1

dd B rendering
incl. vel. incl. vel. incl. vel. incl. vel.

Application of the datum to the normal equation system is the most common and practical

way because it can be applied to single- and multi-session solutions alike. Especially for

multi-session solutions, the datum can be applied at the end, i.e., for the whole suit of

sessions as the last step after stacking all normal matrices.

Before we address the different methods of how to apply the datum to the normal equa-

tion system, we should state that two expressions are in use, conditions and constraints.
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Conditions force the geometric model onto the VLBI configuration while the strength of

constraints can be controlled by formal errors. Conditions can be imposed by the 3-2-1 ter-

restrial datum rule (Sec. 11.8.2) or by rendering the normal equation system with Helmert

parameters (Sec. 11.8.6). In both cases, there is no need for a covariance matrix of the

conditions because they have quasi infinite weight. In the case of constraints, we need to

set up and populate a covariance matrix of constraints. Of course, conditions can always

be applied to act like constraints if very small formal errors are introduced (e.g., 10−3 mm)

resulting in extreme weights. In this respect, conditions are only a special case of con-

straints. For this reason, sometimes in publications and especially in presentations, there

is no clear distinction being made. The most common way of datum definition today is

the no-net-translation and no-net-rotation constraint (Sec. 11.8.3) which considers a de-

fined ensemble of the points in 3D space to match the conventional target frame as best as

possible.

11.8.2. 3-2-1 terrestrial datum rule

For a better understanding of the more complicated procedures of datum definition, we

start with a simple approach which has in fact been in use at the early days of geodetic

VLBI. To recall, a VLBI solution has six degrees of freedom or a rank defect of six. We use

the three translational degrees to define how far away our telescope coordinates are from

the origin. The three rotational degrees are used to define the directions of the coordinate

axes. This information is all embedded in the telescope coordinates. For this reason, we

can just apply our definitions to some of the coordinates alone. The clue is the 3-2-1 rule.

We take one telescope and assign the full set of three coordinate components, e.g., from

the ITRF2020 table, to this. Then we take a second telescope somewhere else on Earth and

assign just two coordinate components to this, and finally just one component of the third

telescope is fixed. It is quite obvious that the three telescopes used for this datum definition

should be rather far away from each other and should not form a great circle.

The 3-2-1 rule can be applied "externally" if two sets of coordinates are available already

(Appendix D). However, and this is the more common approach, it can also be adopted

in the least-squares analysis "internally". We can perform the fixing of the six coordinate

components by eliminating the respective columns in the Jacobi matrix or deleting the re-

spective rows and columns of the normal equation system leading to an implicit datum

definition. As already stated, over longer periods of time we also have to take into account

the velocities of the telescopes. Then the six velocity components of the same telescopes

have to be treated accordingly, i.e., the respective rows and columns of the normal equa-

tion system need to be eliminated. The method is called a ’minimally constrained datum

definition’.

In the early days of NASA’s Crustal Dynamics Project (CDP), when the number of tele-

scopes was still rather small, this datum definition was applied with the following extension.
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Since the data sets started to cover more and more years, tectonic motion/continental drift

had to be taken into account as well (Ma et al., 1989). This complication was solved by

using the model velocity AM0-2 (Minster and Jordan, 1978) for the three components of

the telescope WESTFORD (Massachusetts, USA) and the two purely horizontal components

of RICHMOND (Florida, USA). The 3-2-1 datum rule was completed by setting the vertical

velocity of KOKEE (Hawaii, USA) to zero. With this datum definition for the telescope’s ve-

locities, the other velocity components could be estimated as well (by including the datum

definition in the analysis software directly). The deficit of this approach, however, was and

still is that the uncertainties of one or more of the components, which are fixed, directly

affect all other components to be estimated. For this reason, this procedure is not used in

operational analyses any more but was described here for didactic purposes nevertheless

because sometimes it comes quite handy for special investigations.

In the same category fall the following considerations as well. The datum definition

as described here and also later always allow to also estimate the three Earth rotation

parameters (ERP), polar motion xp and yp, and the Earth’s phase of rotation UT1-UTC.

The 3-2-1 rule can also be used in the way that the three components of one telescope are

fixed (3 translations) and the three ERP of a session are fixed to some tabulated values

(e.g., IERS C04 series)17 providing the three rotation definitions for the full datum. Doing

this, all other telescope coordinates can be estimated.

11.8.3. Terrestrial datum definition with no-net-translation and
no-net-rotation constraints

Today, the no-net-translation (NNT) and no-net-rotation (NNR) approach is the preferred

method for datum definition. With this method, a whole set of several (new) radio telescope

coordinates, and often of their velocities, is mapped onto a conventional (old) set. The

choice of several datum transfer telescopes avoids that the erroneous coordinates of a single

telescope have a direct 1:1 impact. The more sets of reliable telescope coordinates are

used, the smaller the probability that an outlier remains undetected. When selecting the

telescopes for datum transfer, one should always look at the residuals for identification of

possible outliers.

At the beginning of this section, we look at the NNR/NNT condition as such and its

formalistic derivation. The result will be a condition or constraint matrix B. The use of this

matrix provides several options which will be looked at at the end.

The NNR/NNT method originates from describing velocity fields within the Earth and

on the Earth’s surface. To avoid interactions of the movements of continental plates or

arrays of geodetic observatories and 3D Earth rotation variability in their mathematical

description, a Tisserand system is defined for the surface of the Earth. The axes of the

17https://www.iers.org/IERS/EN/DataProducts/EarthOrientationData/eop.html
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Tisserand reference system have to obey the conditions

∫

E
v′ dm= 0 No translation condition (11.134)

∫

E
r× v′ dm= 0⃗ No rotation condition (11.135)

with v′ being the velocity field derived from a geophysical model and r being the localization

(position) vector. Initially, the conditions should cover the entire Earth volume, thus the

integration over the whole Earth E with mass elements m. With the hypothesis of a spherical

Earth with uniform density, the volume integral becomes a surface integral. Taken over

to the kinematic surface velocity problem, the rotation condition can also be interpreted

as the total angular momentum of the whole surface S integrated over the area A being

constrained to sum up to zero:
∫

S
r× v′ dA= 0 (11.136)

In global frame investigations based on geophysical data such as the NNR-NUVEL-1A model

(Argus and Gordon, 1991; Demets et al., 1990), the NNR condition separates individual

plates first and sums them up

∫

S
r× v′ dA=
∑

P

∫

P
r× v′ dA. (11.137)

Setting up of a BT matrix

In the context of datum definition, the velocities of the geophysical models v′ can be

replaced by the vectorial residuals of the transformation from one frame x to the other x̃

with ∆x = x− x̃. Since we deal with individual radio telescopes, Eqs. 11.134 and 11.135

convert to
N
∑

i=1

∆x(i) = 0 No-net-translation constraint (11.138)

and
N
∑

i=1

(r(i) ×∆x(i)) = 0 No-net-rotation constraint, (11.139)

respectively, with N telescopes selected for the datum definition. The word net was intro-

duced to indicate that the constraints are meant as net values being sums of arguments. In

vector component writing, the NNT constraints of the coordinates are

N
∑

i=1

∆x(i) =
N
∑

i=1







∆x (i)

∆y(i)

∆z(i)






=







0

0

0






(11.140)
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The arguments of the sums can be re-ordered to

N
∑

i=1







∆x (i)

∆y(i)

∆z(i)






=

N
∑

i=1







1 0 0

0 1 0

0 0 1






·







∆x (i)

∆y(i)

∆z(i)






=







0

0

0






(11.141)

This re-ordering has the same effect as forming the partial derivatives with respect to the

parameters ∆x (i),∆y(i),∆z(i). In vector/matrix notation, we can write

N
∑

i=1

∆x=
N
∑

i=1

BT
NN T ·∆x= 0. (11.142)

where the matrix containing the partial derivatives is called BT
NN T . Calling it the transposed

appears odd at first glance but since we will need this and the B matrix together we will

find this very practical later on. The index NNT indicates that this is only the NNT part of

the complete NNR/NNT constraint matrix (Eq. 11.150).

For the NNR constraint of the coordinates, Eq. 11.139 translates to

N
∑

i=1

(r(i)×∆x(i)) =
N
∑

i=1













x (i)

y(i)

z(i)






×







∆x (i)

∆y(i)

∆z(i)












=

N
∑

i=1







y(i) ·∆z(i) − z(i) ·∆y(i)

z(i) ·∆x (i) − x (i) ·∆z(i)

x (i) ·∆y(i) − y(i) ·∆x (i)






=







0

0

0







(11.143)

If we re-order the argument of the sum into a 3× 3 matrix by







y(i) ·∆z(i) − z(i) ·∆y(i)

z(i) ·∆x (i) − x (i) ·∆z(i)

x (i) ·∆y(i) − y(i) ·∆x (i)






=







0 y(i) ·∆z(i) −z(i) ·∆y(i)

−x (i) ·∆z(i) 0 z(i) ·∆x (i)

x (i) ·∆y(i) −y(i) ·∆x (i) 0






(11.144)

and again separating the coordinate components into a 3-line vector and the coefficients

into a 3× 3 matrix, which is in fact again as if we had formed the partial derivatives, we

find






y(i) ·∆z(i) − z(i) ·∆y(i)

z(i) ·∆x (i) − x (i) ·∆z(i)

x (i) ·∆y(i) − y(i) ·∆x (i)






=







0 −z(i) y(i)

z(i) 0 −x (i)

−y(i) x (i) 0






·







∆x (i)

∆y(i)

∆z(i)






. (11.145)

with the 3× 3 matrix containing the partial derivatives. As above

N
∑

i=1







0 −z̃(i) ỹ(i)

z̃(i) 0 − x̃ (i)

− ỹ(i) x̃ (i) 0






·







∆x (i)

∆y(i)

∆z(i)






=







0

0

0






. (11.146)
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in vector notation represents
N
∑

i=1

BT
NNR ·∆x= 0. (11.147)

For the final NNR/NNT datum model for the coordinates, we can add the translation con-

straint and the rotation constraint (Eqs. 11.141 and 11.146) to a composite constraint with

the sum over all telescopes:

N
∑

i=1





















1 0 0

0 1 0

0 0 1

0 −z̃(i) ỹ(i)

z̃(i) 0 − x̃ (i)

− ỹ(i) x̃ (i) 0





















·







∆x (i)

∆y(i)

∆z(i)






=







0

0

0






. (11.148)

Again, this is
N
∑

i=1

BT
coord ·∆x= 0. (11.149)

with the index coord indicating that it refers to the coordinates.

As a brief sideline, it should be mentioned that, except of the scale m elements, the

transposed of the matrix in Eq. 11.148 corresponds to the H matrix in the datum definition

by rendering with Helmert parameters (Eq. 11.180). For this reason, the application of the

NNR/NNT constraints to the datum-free normal matrix has the same effect as rendering

the VLBI normal equation system with Helmert parameters for this purpose (Sec. 11.8.6).

The fact, that Eq. 11.148 is for one telescope only, requires that we repeat this for all

other datum telescopes as

∆x (1) ∆y(1) ∆z(1) ... ∆x (2) ∆y(2) ∆z(2) ... ∆x (N) ∆y(N) ∆z(N)

BT
coord =





















1 0 0 ... 1 0 0 ... 1 0 0

0 1 0 ... 0 1 0 ... 0 1 0

0 0 1 ... 0 0 1 ... 0 0 1

0 −z̃(1) ỹ(1) ... 0 −z̃(2) ỹ(2) ... 0 −z̃(N) ỹ(N)

z̃(1) 0 − x̃ (1) ... z̃(2) 0 − x̃ (2) ... z̃(N) 0 − x̃ (N)

− ỹ(1) x̃ (1) 0 ... − ỹ(2) x̃ (2) 0 ... − ỹ(N) x̃ (N) 0





















(11.150)

In block matrix notation we can write Bcoord for all parameters including those for the

coordinates of the datum telescopes (i) as

BT
coord =
�

BT
(1) BT

(2) ... 0 ... 0 ... BT
(N)

�

(11.151)
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where the 0 are located in columns of parameters which are unaffected by the NNR/NNT

rule, such as telescopes with uncertain coordinates or other parameters of the VLBI solution.

This means that all columns of the B matrix for the telescope coordinates, for which the

NNR/NNT datum constraints are supposed to be applied, are populated with the respective

numbers of the 6-line matrix in Eq. 11.148 while all other elements are zero. The dimension

of this matrix is 6× (3N + P) with P being all other non-datum parameters. How we use

BT
coord (and Bcoord will be explained after we have looked at the NNR/NNT condition for

the velocities.

When dealing with ensembles of sessions, we have to take into account that telescopes

are moving due to tectonic activities, most prominently continental drift. Since this, in most

cases, can be considered as a linear phenomenon, we also have to apply a datum for the

telescope’s velocities. Otherwise, the network could produce a net rotation which would

corrupt the estimated Earth orientation parameters. In fact, this was the initial reason

for introducing the NNR constraints (Sec. 11.8.3). In addition, the whole network could

virtually leave the Earth’s surface because of a net translation in the velocities.

The NNR and NNT constraints of the velocities v are formulated in a similar way as for

the coordinate differences ∆x as above. We assume that the velocities of the VLBI frame

are close to those of the conventional or target reference frame, i.e., that ∆v = v− ṽ are

small. Then
N
∑

i=1

∆v(i) = 0 (11.152)

is the No-net-translation constraint for the velocities. In vector component writing, these

constraints are
N
∑

i=1

∆v(i) =
N
∑

i=1







∆vx (i)

∆v y(i)

∆vz(i)






=







0

0

0






(11.153)

and re-ordered again to form the partial derivatives at the correct locations to







vx (i) −fvx (i)

v y(i) −Ýv y(i)

vz(i) −fvz(i)






=







∆vx (i)

∆v y(i)

∆vz(i)






=







1 0 0

0 1 0

0 0 1






·







∆vx (i)

∆v y(i)

∆vz(i)






(11.154)

For the No-net-rotation constraint of the velocities, we cannot just apply the NNR con-

straint as we have done for the coordinates, but here we need to introduce a special relation

for the constraint, namely that

N
∑

i=1

(r(i) × v(i))−
N
∑

i=1

(r̃(i) × ṽ(i)) = 0 (11.155)

with N datum telescopes (Angermann et al., 2004). With r(i) = r̃(i)+∆x and v(i) = ṽ(i)+∆v,

127



11 DATA ANALYSIS

Eq. 11.155 can be rewritten to

N
∑

i=1

�

(r̃(i)×ṽ(i))+(∆x(i)×ṽ(i))+(r̃(i)×∆v(i))+(∆r(i)×∆v(i))
�

−
N
∑

i=1

�

r̃(i)×ṽ(i)
�

= 0. (11.156)

With the last summand within the first sum to be neglected because it is small, the NNR

constraint for the velocities finally reads

N
∑

i=1

�

(∆x(i) × ṽ(i)) + (r̃(i) ×∆v(i))
�

= 0. (11.157)

Then in vector component writing again, these constraints are

N
∑

i=1

�







∆x (i)

∆y(i)

∆z(i)






×







fvx (i)

Ýv y(i)

fvz(i)






+







x̃ (i)

ỹ(i)

z̃(i)






×







∆vx (i)

∆v y(i)

∆vz(i)







�

=







0

0

0






(11.158)

and with the cross products resolved, this is

N
∑

i=1













∆y(i) ·fvz(i) −∆z(i) · ṽ y(i)

∆z(i) ·fvx (i) −∆x (i) · ṽz(i)

∆x (i) ·Ýv y(i) −∆y(i) · ṽ x (i)






+







ỹ(i) ·∆vz(i) − z̃(i) ·∆v y(i)

z̃(i) ·∆vx (i) − x̃ (i) ·∆vz(i)

x̃ (i) ·∆v y(i) − ỹ(i) ·∆vx (i)












=







0

0

0







(11.159)

As for the coordinates, we can again re-order the matrix expressions to end up with the

partial derivatives with respect to the unknown ∆’s

N
∑

i=1

�







0 fvz(i) −Ýv y(i)

−fvz(i) 0 fvx (i)

Ýv y(i) −fvx (i) 0






·







∆x (i)

∆y(i)

∆z(i)






+







0 −z̃(i) ỹ(i)

z̃(i) 0 − x̃ (i)

− ỹ(i) x̃ (i) 0






·







∆vx (i)

∆v y(i)

∆vz(i)







�

=







0

0

0






(11.160)

Then, again, we stack the respective elements of Eqs. 11.154 and 11.160, sum over all

telescopes and on the left hand side find the formulation of the BT matrix for the NNR

constraint of the velocities:

N
∑

i=1





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 fvz(i) −Ýv y(i) 0 −z̃(i) ỹ(i)

−fvz(i) 0 fvx (i) z̃(i) 0 − x̃ (i)

Ýv y(i) −fvx (i) 0 − ỹ(i) x̃ (i) 0





















·





















∆x (i)

∆y(i)

∆z(i)

∆vx (i)

∆v y(i)

∆vz(i)





















=







0

0

0






(11.161)
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which again represents
N
∑

i=1

BT
vel ·∆x= 0. (11.162)

The BT matrix for telescope (1), again with the respective parameters in the headline, is

then

∆x (1) ∆y(1) ∆z(1) ∆vx (1) ∆v y(1) ∆vz(1)

BT
vel(1) =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 fvz(1) −Ýv y(1) 0 −z̃(1) ỹ(1)

−fvz(1) 0 fvx (1) z̃(1) 0 − x̃ (1)

Ýv y(1) −fvx (1) 0 − ỹ(1) x̃ (1) 0





















(11.163)

The NNR constraint of the velocities requires not only elements for the velocity columns but

also for the coordinate columns. However, since the velocities are small (10−3 − 10−2 m/y)

compared to the coordinates (108 − 109 m), the first three columns of each BT
(i) are often

set to zero for convenience.

Since we also apply the velocity datum with multiple telescopes, we have to resolve the

sum as a sequence of matrices as in Eq. 11.150. In block matrix notation we can write this

as

BT
vel =
�

BT
(1) 0 BT

(2) 0 ... 0 ... BT
(N)

�

(11.164)

Application of the BT matrix

The following applies to both, BT
coord and BT

vel , and will be generalized by BT . To apply

the NNR/NNT datum model with the help of BT , we first consider the most intuitive case

where we add the BT matrix as extra lines to the design matrix. Then they would auto-

matically be incorporated in the normal matrix. For the covariance matrix of the datum

constraints Σdd , formal errors for these six lines have to be chosen to produce constraints

with a certain weight. Either the formal errors are defined rather large (e.g., decimeters),

which produces weak constraints, or would be chosen to be so small, e.g., 10−3 mm, that

their weights become extremely large and the constraints are strong. In most applications,

the formal errors are set to be identical for all datum coordinate components to keep the

inner configuration of the point cloud undistorted. In other words, if some of the compo-

nents or telescopes would be assigned larger or smaller formal errors, e.g., if data of certain

telescopes are known to have deficits, this would distort the inner geometry of the network.

For this reason, such a differentiation is applied seldom in this way but these telescopes are

eliminated from the list of datum telescopes rigorously.

All this information can also be processed independently of the design and normal matrix

of the observations by generating a normal matrix of the datum Nd with the dimension
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(3N + P)× (3N + P):

Nd = BTΣ−1
dd B (11.165)

Σ−1
dd is the inverse of the covariance matrix of the datum constraints. The right hand side

of the normal equation system of the datum is zero. Since velocities appear when time

series of sessions are analysed, the process used mostly is to generate pre-reduced normal

matrices of the individual sessions and stack them. In this case, it is advisable to produce a

normal matrix of the datum as in Eq. 11.165 separately.

Special care has to be taken that the positions of the elements of the normal matrix of

datum match those of the original normal matrix. Furthermore, for this addition to work

properly, we have to scale the constraint or pseudo-observation matrix B for some reasons

which are explained in Sec. 11.8.4. If this is guaranteed, the composition of the regularized

normal matrix can be performed by adding the datum-free normal matrix No and the datum

matrix Nd

Nr = No +Nd = ATΣ−1
y yA+BTΣ−1

dd B (11.166)

Another way of regularizing the datum-free normal matrix No is to apply the following

assumption. The solution for the transformation parameters Ξ is

Ξ= (BTΣ−1
dd B)−1 BT Σ−1

dd ∆x (11.167)

with Σ−1
dd being a covariance matrix for the O-C vector∆x . The unweighted matrix product

H= (BT B)−1 BT (11.168)

is regular by its composition. Thus, the minimum constraint condition may be imposed by

forming the following fictitious observations

H ·∆x = 0. (11.169)

Under this condition, the regularization of the normal matrix of VLBI observations No can

also be performed with

Nr = No +Nd = ATΣ−1
y yA+HΣ−1

dd HT (11.170)

However, as a drawback of this approach, it cannot be ignored that the necessary inversion

needed for generating H is computationally costly, especially for many datum telescopes.

Because of the regularity of the matrix BT B, we can also use H = BT which then results in

the same expression as in Eq. 11.166.
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11.8.4. Scaling of the constraint matrix B

The theoretical need for a scaling of the constraint matrix B arises from the fact that the use

of the straight forward geometric formulation, such as the NNR/NNT logic, is an alternative

to apply a singular value decomposition of the rank defect normal matrix No. Without

going into too much detail, it can be said that the datum-free VLBI normal equation system

with rank defect six has six Eigenvalues of λi = 0. The Eigenvectors belonging to these

Eigenvalues can be separated into a matrix G (not shown here), which, in the end, belongs

to the same Eigenvector system as B (Niemeier, 2002).

For computational purposes, this fact can be exploited by just normalizing each column

of B to one. Bcoord is the transposed of BT
coord in Eq. 11.150:

Bcoord =









































1 0 0 0 z̃(1) − ỹ(1)

0 1 0 −z̃(1) 0 x̃ (1)

0 0 1 ỹ(1) − x̃ (1) 0

1 0 0 0 z̃(2) − ỹ(2)

0 1 0 −z̃(2) 0 x̃ (2)

0 0 1 ỹ(2) − x̃ (2) 0
...

...
...

...
...

...

1 0 0 0 z̃(N) − ỹ(Ni)

0 1 0 −z̃(N) 0 x̃ (N)

0 0 1 ỹ(N) − x̃ (N) 0









































(11.171)

For the first three columns the normalization is achieved by multiplying each element with

1/
p

N where N is the number of datum telescopes. For the other columns, a normalization

factor f coord
n is introduced which is computed as

f coord
n =

√

√

√

√

N
∑

i=1

[ x̃2
(i) + ỹ2

(i) + z̃2
(i)] (11.172)

The normalized coordinates are then x̂ (i) = x̃ (i)/ f coord
n , ŷ(i) = ỹ(i)/ f coord

n , and ẑ(i) =
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z̃(i)/ f coord
n and the normalized B matrix then reads

Bnorm
coord =









































1/
p

N 0 0 0 ẑ(1) − ŷ(1)

0 1/
p

N 0 −ẑ(1) 0 x̂ (1)

0 0 1/
p

N ŷ(1) − x̂ (1) 0

1/
p

N 0 0 0 ẑ(2) − ŷ(2)

0 1/
p

N 0 −ẑ(2) 0 x̂ (2)

0 0 1/
p

N ŷ(2) − x̂ (2) 0
...

...
...

...
...

...

1/
p

N 0 0 0 ẑ(N) − ŷ(Ni)

0 1/
p

N 0 −ẑ(N) 0 x̂ (N)

0 0 1/
p

N ŷ(N) − x̂ (N) 0









































(11.173)

Turning to the velocities, the B matrix is derive by transposing Eq. 11.163

Bvel =





















































































0 0 0 0 −fvz(1) Ýv y(1)

0 0 0 fvz(1) 0 −fvx (1)

0 0 0 −Ýv y(1) fvx (1) 0

1 0 0 0 z̃(1) − ỹ(1)

0 1 0 −z̃(i1 0 x̃ (1)

0 0 1 ỹ(1) − x̃ (1) 0

0 0 0 0 −fvz(2) Ýv y(2)

0 0 0 fvz(2) 0 −fvx (2)

0 0 0 −Ýv y(2) fvx (2) 0

1 0 0 0 z̃(2) − ỹ(2)

0 1 0 −z̃(2) 0 x̃ (2)

0 0 1 ỹ(2) − x̃ (2) 0
...

...
...

...
...

...

0 0 0 0 −fvz(N) Ýv y(N)

0 0 0 fvz(N) 0 −fvx (N)

0 0 0 −Ýv y(N) fvx (N) 0

1 0 0 0 z̃(N) − ỹ(N)

0 1 0 −z̃(N) 0 x̃ (N)

0 0 1 ỹ(N) − x̃ (N) 0





















































































(11.174)

The normalization is performed in the same way as for the coordinates above. However, in

the fourth to sixth column, we have a mix of velocity and coordinate components which dif-

fer in magnitude quite considerably. Since normalizing the velocities with the f coord
n factor,

which strictly speaking should also be augmented with the velocity components themselves,

makes them even smaller (∼ 10−9), these can safely be neglected. The normalized Bnorm
vel
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matrix then reads

Bnorm
vel =





















































































0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1/
p

N 0 0 0 ẑ(1) − ŷ(1)

0 1/
p

N 0 −ẑ(1) 0 x̂ (1)

0 0 1/
p

N ŷ(1) − x̂ (1) 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1/
p

N 0 0 0 ẑ(2) − ŷ(2)

0 1/
p

N 0 −ẑ(2) 0 x̂ (2)

0 0 1/
p

N ŷ(2) − x̂ (2) 0
...

...
...

...
...

...

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1/
p

N 0 0 0 ẑ(N) − ŷ(N)

0 1/
p

N 0 −ẑ(N) 0 x̂ (N)

0 0 1/
p

N ŷ(N) − x̂ (N) 0





















































































(11.175)

In many software packages, the normalization is approximated by just dividing the co-

ordinate component entries by the radius of the Earth. Strictly speaking, this is not correct

because there is no scaling of the columns to "one". However, in most cases this serves

its purpose to produce an invertible normal matrix. In addition, it reduces the discrepancy

between the magnitudes of the translation (100) and rotation components (106) for numer-

ical reasons. Tests have shown that even without any scaling, the NNR/NNT conditions are

fulfilled to better than 10−5 m.

11.8.5. Helmert parameters and Helmert transformation

In the context of coordinate transformations and, derived from that, also for datum def-

inition, the concept of Helmert with his similarity transformation is a convenient way to

relate two 3D frames. In geodesy, there are two ways of coordinate transformations which

determine how the Helmert transformation is formulated in terms of the signs of the rota-

tional elements. In the first case, the coordinates of a point cloud are transformed from one

datum to another maintaining the same axis definition. This is the predominant applica-

tion in space geodesy and its global reference frames. In the second case, coordinates are

transformed by translating and rotating them into a different set of coordinate axes, e.g., a

local North, East, Vertical system. So beware of the signs when looking up the formula of
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the Helmert transformation in the literature.

Maintaining the axis definition, a Helmert transformation is applied to transform the

coordinates of a telescope in the VLBI frame x (i), y(i), z(i) (x) into a new frame with x̃ (i),

ỹ(i), and z̃(i) (x̃) being the coordinate components of the target data set (conventional

reference frame) onto which the VLBI configuration will be mapped. Helmert’s similarity

transformation in its basic form needs 7 parameters, which are three translation parameters

x0, y0, z0, the scale m, and the three rotation parameters rx , ry , rz around the respective

axes. The Helmert transformation formula with the three rotation matrices (R) is

x̃= (1+m) ·Rrz
·Rry
·Rrx
· x+ x0 (11.176)

or in component writing







x̃ (i)

ỹ(i)

z̃(i)






= (1+m) ·







C11 C12 C13

C21 C22 C23

C31 C32 C33






·







x (i)

y(i)

z(i)






+







x0

y0

z0






(11.177)

See also App. A for a discussion of the order of rotations. The Ci j are products which result

from the multiplication of the three rotation matrices for the three rotation angles around

the respective axes (Eqs. A.2, A.3, and A.4). Beware again, that the conventions of the

rotations define the signs. In space geodesy, the conventions regularly follow App. A and

the matrix elements read

C11 = cos ry cos rz (11.178)

C12 = − cos rx sin rz + sin rx sin ry cos rz

C13 = sin rx sin rz + cos rx sin ry cos rz

C21 = cos ry sin rz

C22 = cos rx cos rz + sin rx sin ry sin rz

C23 = − sin rx cos rz + cos rx sin ry sin rz

C31 = − sin ry

C32 = sin rx cos ry

C33 = cos rx cos ry

Inserting these products into Eq. 11.177, the formulation is applicable to angles and trans-

lations of any size.

However, due to the rather complicated composition of the Ci j elements, the full trans-

formation is used rather seldom. Instead, the frame of the VLBI coordinates x i , yi , zi is

already chosen to be close to that of a conventional frame. In this case, the translations

and, in particular, the rotations become small and the rotation matrices simplify consider-

ably because we can assume that cosα= 1 and sinα= α with the respective effect on any
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products. Then, the simplified Helmert transformation is







x̃ (i)

ỹ(i)

z̃(i)






= (1+m) ·







1 −rz ry

rz 1 −rx

−ry rx 1






·







x (i)

y(i)

z(i)






+







x0

y0

z0






(11.179)

The question now is how to find the transformation parameters x0, y0, z0, m, rx , ry ,

and rz . This is done in a least-squares estimation process with redundant data and the

∆x = x − x̃ being the observables. If we perform the matrix · vector multiplication in

Eq. 11.179 and re-order to isolate the transformation parameters, we find the three lines

for telescope (i) to read







x (i)

y(i)

z(i)






−







x̃ (i)

ỹ(i)

z̃(i)






=







1 0 0 x̃ (i) 0 z̃(i) − ỹ(i)

0 1 0 ỹ(i) −z̃(i) 0 x̃ (i)

0 0 1 z̃(i) ỹ(i) − x̃ (i) 0






·

























x0

y0

z0

m

rx

ry

rz

























(11.180)

This represents the first three lines of the observation equations for the Helmert parameter

estimation with the 3×7 matrix being the sub-matrix of the partial derivatives for telescope

(i).

Since in many cases we also have to take into account the velocities of the telescopes, the

7-parameter Helmert transformation can be expanded to a 14-parameter similarity trans-

formation including the velocities:





















x (i)

y(i)

z(i)

vx (i)

v y(i)

vz(i)





















−





















x̃ (i)

ỹ(i)

z̃(i)

ṽ x (i)

ṽ y(i)

ṽz(i)





















=





















∆x (i)

∆y(i)

∆z(i)

∆vx (i)

∆v y(i)

∆vz(i)





















=





















1 0 0 x̃ (i) 0 z̃(i) − ỹ(i) 0 0 0 0 0 0 0

0 1 0 ỹ(i) −z̃(i) 0 x̃ (i) 0 0 0 0 0 0 0

0 0 1 z̃(i) ỹ(i) − x̃ (i) 0 0 0 0 0 0 0 0

0 0 0 ṽ x (i) 0 ṽz(i) −ṽ y(i) 1 0 0 x̃ (i) 0 z̃(i) − ỹ(i)

0 0 0 ṽ y(i) −ṽz(i) 0 ṽ x (i) 0 1 0 ỹ(i) −z̃(i) 0 x̃ (i)

0 0 0 ṽz(i) ṽ y(i) −ṽ x (i) 0 0 0 1 z̃(i) ỹ(i) − x̃ (i) 0





















·
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�

x0 y0 z0 m rx ry rz ẋ0 ẏ0 ż0 ṁ ṙx ṙy ṙz

�T
(11.181)

where ẋ0, ẏ0, ż0, ṁ, ṙx , ṙy , ṙz are the time derivatives of the respective transformation pa-

rameters. For more pairs, the respective number of triples or sextuplets of this type are

added. In matrix notation, we can then write this as

x− x̃= H ·Ξ. (11.182)

x= (x i , yi , zi) are the 3D coordinates in the original (or local) VLBI frame and x̃= ( x̃ i , ỹi , z̃i)

are the coordinates in the (conventional) target frame. H is the Jacobi matrix of the Helmert

parameters which is linear already due to the pre-condition that the deltas, ∆x = x − x̃

and the rotation parameters are small. Ξ is the matrix of the seven or fourteen Helmert

parameters, respectively. These parameters can be estimated through

Ξ= (HT H)−1HT (x− x̃0). (11.183)

With this estimation, the square sum of the residuals will be minimal under the constraint

that the original polyhedron of stations is not deformed. Although six or twelve individual

lines of Eqs. 11.180 or 11.181, respectively, would suffice (see 3-2-1 rule in Sec. 11.8.2), at

least four (or better more, up to as many as possible) pairs of original and target telescopes

with all three or six components each are employed for a reliable estimation with reduced

impact of possible outliers. App. D describes the situation if only an absolute minimum

of components is selected for determining the datum parameters, similar to the 3-2-1 rule

above.

11.8.6. Datum definition by rendering with Helmert parameters

Eq. 11.82 of the Gauss-Markov model, which was

x̃= (ATΣ−1
y yA)−1 AT Σ−1

y y y, (11.184)

is the weighted least-squares (pseudo-)solution for the observations y without any implicit

datum information causing a rank defect of six or twelve. To regularize the normal equation

system of the observations (ATΣ−1
y yA) we can render this with Helmert’s translation and

rotation parameters to apply a datum. This method is a strict application of the conditions

HT ·Ξ=w= 0. (11.185)

where w is the vector of contradictions. For rendering, we add the Helmert parameters to

the total list of parameters and force them to be zero (Ξ= 0). The normal equation system
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in block matrix notation then is

�

ATΣ−1
y yA H

HT 0

��

x̃

Ξ= 0

�

=

�

AT Σ−1
y y y

w= 0

�

. (11.186)

The H matrix is the Jacobi matrix of Eq. 11.182 and defines the datum with line triples or

sextuplets for each of the N telescopes, placed at the respective lines and columns.

In general, with n= AT Σ−1
y y y the parameter vector of the estimates is

�

x̃

Ξ= 0

�

=

�

ATΣ−1
y yA H

HT 0

�−1�
n

0

�

=

�

Q x̃ x̃ Q x̃Ξ

QΞ x̃ QΞΞ

�

·

�

n

0

�

. (11.187)

For the determination of the coordinates, we compute

x̃= Q x̃ x̃ · n (11.188)

The addition of the Helmert parameters with pre-defined values (zeros) yields a normal

matrix which is regular. In other words, this forces the adjustment to produce telescope

coordinates which deviate from the reference coordinates in a way that the sum of the

translations of all telescopes and the rotations of the network with respect to the reference

network are forced to zero. If the scale m is deleted from the Helmert parameter list, this

procedure yields results for the telescope coordinates which are equivalent to the no-net-

rotation and no-net-translation (NNR/NNT) condition approach as described above. The

reason is that the Jacobi matrix H corresponds to the B matrix as composed of Eqs. 11.148

and 11.163.

It should be emphasized here, that the same logic as for the NNR/NNT constraints applies

in terms of singular value decomposition of the datum-free N matrix with rank defect six

or twelve. Again, this can be by-passed in the computations by normalizing the columns of

the H matrix as described in Sec. 11.8.4.

11.8.7. Practical issues of datum definition

First of all, the application of datum definition depends on the purpose of the solution. We

can apply a datum for a single session alone and for a group of sessions as well as for the

whole list of sessions available, i.e., for a global solution. In the latter two cases, the datum

is applied after the ensemble of datum-free normal equation systems was stacked.

The selection of the pairs of coordinates in the original and target list depends on the

quality of their coordinates, respectively the quality of the observations which led to these

coordinates. It is quite understandable that telescopes with technical difficulties or those

with only a short observational history compared to the rest of telescopes may not be that

well suited for the estimation of session-wise Helmert parameters or NNR/NNT conditions.

For this reason only a subset of telescopes is normally employed for NNR/NNT conditions
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or for determining the Helmert parameters as compared to using all available coordinate

pairs. However, in general, the selection of datum sites should ideally have a good global

coverage to avoid unwanted translations and rotations.

11.9. Celestial datum definitions

11.9.1. General and functional considerations of celestial datum definition

As for the terrestrial datum definition, almost the same general considerations apply to the

celestial datum definition. Consequently, at first VLBI observations only provide relative

relationships in-between the point cloud of radio source positions which are considered to

be located on a unit sphere. Again, this is just the geometric configuration and we have to

apply a datum with a datum definition to produce a meaningful celestial reference frame.

For this, conceptually there are the same six degrees of freedom as for the terrestrial

frame, three translations and three rotations. However, because of the huge distances be-

tween Earth and the radio sources, and because the origin (the solar system barycenter)

is implicit to all computations, we normally only consider the three rotations as applicable

degrees of freedom. The scale of course is also fixed explicitly through the speed of light.

With respect to the positions of the radio sources, time dependency is not an issue yet

for most of the sources. Therefore, datum definition is limited only to the three rotations

as time invariant quantities.

The task of datum definition of a celestial reference frame is to define the orientation of

the free network in a conventional frame to be able to produce radio source positions in a

pre-defined frame. Examples of such conventional frames were described in Sec. 11.1.2.

The need for this may also arise from the facts that the configuration of the polyhedron of

source positions be slightly different to that of the conventional frame (because of new and

better observations and analysis models) and/or because there may be new sources which

shall be mapped into a conventional frame.

As in the terrestrial case, we can choose between two options for the problem of datum

definition. The first option is that source positions and their covariances have already been

determined in an arbitrary reference frame in a previous VLBI analysis process. We then

apply a similarity transformation to rotate this frame into a conventional one, where the

polyhedron of positions, respectively its configuration, is not distorted. This can be done

in different ways. The second option is that we incorporate the functionality of the first

option in our VLBI analysis software and apply the datum directly in the analysis. This has

the advantage that we save a processing step but blank out the transformation parameters

which sometimes are of interest as well.

The most common way of celestial datum definition today is the no-net-rotation (NNR)

condition or constraint (Sec. 11.9.3) which considers a defined ensemble of the points in

3D space to match the conventional target frame as best as possible. Equivalent in its result

is the rendering by Helmert parameters (Sec. 11.9.4). Before we turn to these methods, we
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look at the simplest method of datum definition which is free of distortion, the 2-1 celestial

datum rule (Sec. 11.9.2).

Table 11.4: Methods of celestial datum definition.
design/Jacobi Normal

matrix matrix
single session pseudo 2-1 Constraint matrix Helmert

datum observations rule CTΣ−1
cc C rendering

multi session pseudo 2-1 Constraint matrix Helmert
datum observations rule CTΣ−1

cc C rendering

11.9.2. 2-1 celestial datum rule

As in the terrestrial case, we start with a simple approach which has in fact been in use at

the early days of geodetic VLBI as well. In a VLBI solution, the celestial configuration has

three degrees of freedom or a rank defect of three. The three rotational degrees are used to

define the directions of the coordinate axes. This information is all embedded in the source

positions. For this reason, we can just apply our definitions to some of the positions alone.

Here, the clue is the 2-1 rule. We take one radio source and assign the complete pair of two

position components, right ascension and declination, e.g., from the ICRF3 table, to this.

Then we take a second source, ideally diametrically opposite on the celestial sphere of the

first one and fix just one position component of this source to the tabulated one.

To derive the three observation equations, we first consider the basic rotation of the

position vector in polar coordinates from the starting position α, δ to the target (catalog)

position α̃, δ̃







cos α̃i cos δ̃i

sin α̃i cos δ̃i

sin δ̃i






=







xc

yc

zc






=







C11 C12 C13

C21 C22 C23

C31 C32 C33






·







cosαi cosδi

sinαi cosδi

sinδi






(11.189)

The Ci j are coefficients which result from the multiplication of three rotation matrices for

the three rotation angles around the respective axes (Eqs. A.2, A.3, and A.4) containing

a row of sine and cosine terms with respect to the three rotation parameters r1, r2, r3

(Eq. 11.179). xc , yc , zc are the respective Cartesian coordinates on a unit sphere. The

formulation is applicable to angles and translations of any size.

Normally, the frame of the VLBI source positions αi , δi is already chosen to be close to

that of a conventional frame α̃i , δ̃i . In this case, the rotations become small and the rotation

matrices simplify considerably because we can assume that cosα = 1 and sinα = α. Then
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the right hand side of Eq. 11.189 can be written as







cos α̃i cos δ̃i

sin α̃i cos δ̃i

sin δ̃i






=







xc

yc

zc






=







1 −rz ry

rz 1 −rx

−ry rx 1






·







cosαi cosδi

sinαi cosδi

sinδi






(11.190)

For the derivation of observation equations with respect to the unknown rotation param-

eters, we can reformulate Eq. 11.190 to







cos α̃i cos δ̃i

sin α̃i cos δ̃i

sin δ̃i






=







cosαi cosδi

sinαi cosδi

sinδi






+







0 sinδi − sinαi cosδi

− sinδi 0 cosαi cosδi

sinαi − cosαi cosδi 0






·







rx

ry

rz







(11.191)

or






cosαi cosδi − cos α̃i cos δ̃i

sinαi cosδi − sin α̃i cos δ̃i

sinδi − sin δ̃i






=







0 sinδi − sinαi cosδi

− sinδi 0 cosαi cosδi

sinαi − cosαi cosδi 0






·







rx

ry

rz







(11.192)

Although we have three lines for three parameters, they count only for two because the

Cartesian differences on the left hand side only depend on two parameters α and δ. For

this reason, there is no unique solution for the rotation parameters. If the source index i in

Eq. 11.192 is replaced, a fourth equation for source #2 to the effect

�

sinδ2 − sin δ̃2

�

=
�

sinα2 − cosα2 cosδ2 0
�

·







rx

ry

rz






(11.193)

needs to be added to form a solvable equation system.

Having determined the parameters r1, r2, and r3, we can transform all source positions of

the VLBI frame into those of the target (conventional) frame applying Eq. 11.190 in polar

coordinates on a unit sphere. This leaves the configuration as it was initially. In the same

way as sketched here, we can perform the fixing of the three source position components

directly in the VLBI analysis program by eliminating the respective columns in the Jacobi

matrix leading to an implicit datum definition.

In the early days of VLBI, this celestial datum definition was applied by selecting the posi-

tion of the source 3C273B from the FK5 catalog and fixing the declination of OQ208 to the

respective catalog value. Of course, the deficit of this approach was that the uncertainties

of one or more of the components, which are fixed, directly affect all other components to

be estimated. For this reason, this procedure is not used in operational analyses any more

but was described here for didactic purposes nevertheless.

In the same category fall the following considerations as well. The datum definition
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as described here and also later always allow to also estimate the two components of the

celestial pole offsets (CPO), dX and dY. The 2-1 rule can also be used in the way that the

two components of the CPO and the right ascension of one radio source are fixed to some

tabulated values (e.g., IERS C04 series) providing the three rotation definitions for the full

celestial datum. Doing this, all other source positions can be estimated. In fact, the values

of the IAU 1980 nutation model and the right ascension of 3C273B were used to define the

celestial datum in the VLBI solutions of NASA’s Crustal Dynamics Project (Ma et al., 1989).

11.9.3. Celestial datum definition with no-net-rotation conditions or
constraints

In general, for celestial datum definition with no-net-rotation (NNR) conditions or con-

straints, the same applies as for the terrestrial datum definition. However, here we deal

with angular quantities, right ascensions α̃i and declinations δ̃i of the reference or target

frame, αi and δi of the original VLBI positions as well as their residuals or adjustments∆α

and ∆δ in angular dimensions with ∆α= α− α̃ and ∆δ = δ− δ̃. Since we apply the NNR

condition based on individual radio sources, it reads (Jacobs et al., 2010)

N
∑

i=1

(ki ×∆ki) = 0 (11.194)

with k containing the source position components according to Eq. 11.31 with N radio

sources selected for the datum definition. The ∆ki vector needs to be written as the differ-

ence between the VLBI position to be rotated and the target position as

∆ki =







cosαi cosδi − cos α̃i cos δ̃i

sinαi cosδi − sin α̃i cos δ̃i

sinδi − sin δ̃i






. (11.195)

Since we want to formulate the condition/constraint with the residuals ∆α and ∆δ, we

replace the original VLBI positions αi and δi with α= α̃+∆α and δ = δ̃+∆δ to yield

∆ki =







cos(α̃i +∆αi) cos(δ̃i +∆δi)− cos α̃i cos δ̃i

sin(α̃i +∆αi) cos(δ̃i +∆δ)i − sin α̃i cos δ̃i

sin(δ̃i +∆δi)− sin δ̃i






(11.196)

The condition/constraint with the cross product to be computed then reads

N
∑

i=1

(ki×∆ki) =
N
∑

i=1













cos α̃i cos δ̃i

sin α̃i cos δ̃i

sin δ̃i






×







cos(α̃i +∆αi) cos(δ̃i +∆δi)− cos α̃i cos δ̃i

sin(α̃i +∆αi) cos(δ̃i +∆δi)− sin α̃i cos δ̃i

sin(δ̃i +∆δi)− sin δ̃i













(11.197)
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The cross multiplication is quite a lengthy process with many sine and cosine terms. For

details please see App. E. The result following Eqs. E.7, E.8, and E.9, is

ki ×∆ki =







− cos α̃i sin δ̃i cos δ̃i∆αi + sin α̃i∆δi

− sin α̃i sin δ̃i cos δ̃i∆αi − cos α̃i∆δi

cos2 δ̃i∆αi






(11.198)

Following the same considerations as for the terrestrial datum definition, we can formulate

N
∑

i=1

(ki ×∆ki) =
N
∑

i=1

CT ·∆k= 0 (11.199)

with the CT matrix containing the partial derivatives for radio source i

N
∑

i=1







− cos α̃i sin δ̃i cos δ̃i sin α̃i

− sin α̃i sin δ̃i cos δ̃i − cos α̃i

cos2 δ̃i 0






·

�

∆αi

∆δi

�

=







0

0

0






. (11.200)

Along the same lines as for the terrestrial datum definition, in block matrix writing we can

define CT as

CT =
�

CT
1 CT

2 ... 0 ... 0 ... CT
(N)

�

(11.201)

where the 0 are again located in columns of parameters which are unaffected by the NNR

rule for the N datum sources.

All this information can be processed independently of the design and normal matrix of

the observations by generating a normal matrix of the celestial datum Ncd with the dimen-

sion (2N + P)× (2N + P) (P = all non-datum parameters):

Ncd = CTΣ−1
cc C (11.202)

Σ−1
cc is the inverse of the covariance matrix of the constraints forming the weight matrix.

This should have the same elements for all datum sources in order to not deform the con-

figuration of the datum sources. The right hand side of the normal equation system of

the datum is zero. In the same way as for the terrestrial datum, the composition of the

regularized normal matrix can be performed by adding the two normal matrices

Nr = No +Ncd = ATΣ−1
y yA+CTΣ−1

cc C (11.203)

Here, the same applies for other options and possible re-weighting as described in the

section of the terrestrial datum (Sec. 11.8).
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11.9.4. Celestial datum definition by rendering

Finally, to complete the set of options for the celestial datum definition, we should mention

the rendering concept. This could also be called truncated Helmert rendering because only

the rotations are applied as constraints. In block matrix notation, the normal equation

system is composed as

�

ATΣ−1
y yA C

CT 0

��

x̃

Ξ= 0

�

=

�

AT Σ−1
y y y

w= 0

�

. (11.204)

with ATΣ−1
y yA being the celestial datum free normal matrix, C being the partial derivatives

with respect to α and δ as in Sec. 11.9.3, x̃ contains the unknown standard VLBI parame-

ters, Ξ consists of the rotations α and δ forced to be zero. On the right hand side, AT Σ−1
y y y

contains the observed minus computed elements y of the VLBI delay observations. w is the

vector of source position residuals or contradictions which has to be forced to zero as well.

As for the terrestrial datum definition, rendering applies conditions which have the same

effect as very strict constraints.
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12. International VLBI Service for Geodesy and
Astrometry

12.1. History

Until the end of the last century, most observational and scientific activities in geode-

tic and astrometric VLBI were based on individual agreements of cooperation which re-

quired tedious multilateral communications. In addition, technical incompatibilities be-

tween recording and correlator systems were a major hindrance for more rapid progress

(Schlüter and Behrend, 2007). At the same time, geodesy experienced major changes with

respect to its organizational structure and its role within the global geoscientific community

witnessing a shift to more global structures. On the initiative of the International Associ-

ation of Geodesy (IAG), a number of technique-specific services were founded. Among

them was the International VLBI Service for Geodesy and Astrometry (IVS) for coordi-

nating the global VLBI resources and observing plans. The IVS was formally established

on March 1, 1999, following the first meeting of the IVS Directing Board (DB) on Febru-

ary 11, 1999. More than a year prior to this date, a steering committee started work on

the IVS Terms of Reference (ToR), a call for participation and the election process for the

DB. Details and names of the persons involved can be found on the IVS Web page un-

der https://ivscc.gsfc.nasa.gov/about/org/documents/index.html. Soon after its establish-

ment, the IVS was recognized as a service of the International Astronomical Union (IAU)

and of the Federation of Astronomical and Geophysical Data Analysis Services (FAGS);

the latter was dissolved in 2009 and replaced by the World Data System (WDS) in 2011

(Behrend, 2013).

12.2. Duties

The IVS is an international collaboration of organizations, which operate or support VLBI

components, for streamlining and improving a number of organisational and scientific is-

sues. The IVS supports geodetic and astrometric work on reference systems and Earth

science research in general, and provides the basis to all operational VLBI activities. Partic-

ipation is organized on a voluntary proposal basis. According to the IVS Terms of Reference
99 its mission objectives are:

1. to foster and carry out VLBI programs;

2. to promote research and development activities in all aspects of the geodetic and

astrometric VLBI technique;

3. to advance the education and training of VLBI participants through workshops, re-

ports, and other means;

99http://ivscc.gsfc.nasa.gov/about/org/documents/ivsTOR.html
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4. to support the integration of new components into IVS;

5. to interact with the community of users of VLBI products.

All of this is accomplished through close coordination of the participating organizations

to provide high-quality VLBI data and products. To meet the objectives, IVS coordinates

VLBI observing programs, sets performance standards for VLBI stations, establishes con-

ventions for VLBI data formats and data products, issues recommendations for VLBI data

analysis software, sets standards for VLBI analysis documentation, and institutes appropri-

ate VLBI product delivery methods to ensure suitable product quality and timeliness. IVS

also coordinates its activities with the astronomical community because of the dual use of

many VLBI facilities and technologies for both radio astronomy and geodesy/astrometry.

IVS is also in charge of the integration of VLBI into a global Earth observing system and

thus represents VLBI in the Global Geodetic Observing System (GGOS) of the IAG. IVS

also interacts closely with the International Earth Rotation and Reference Systems Service

(IERS), which is tasked by IAU and IUGG (International Union of Geodesy and Geophysics)

with maintaining the reference frames ICRF and ITRF as described in Secs. 11.1.1 and

11.1.2.

12.3. Organizational structure

Strategic decisions and long-term plans of the IVS are governed by the IVS Directing Board

(DB) composed of elected and ex-officio members. It meets twice a year in person or more

often online if needed. The day-to-day activities are coordinated by the central bureau of

the service, called IVS Coordinating Center (CC), which has been hosted by NASA’s Goddard

Space Flight Center in Greenbelt, MD, USA, since 1999.

Within the DB, three IVS Coordinators take responsibility for specific fields of the IVS’s

mandate. The Network Coordinator, beyond other tasks referring to the IVS network, "mon-

itors adherence to standards in the network operation, participates in the quality control of

the data acquisition performance of the network stations, tracks data quality and data flow

problems, ... and coordinates software development for station control and monitoring."99

The Technology Coordinator is tasked, among others, with stimulating advancements of

the VLBI technique, coordinating development of new technology among the various IVS

Technology Development Centers, and encouraging technical compatibility within the IVS

and with the astronomical community.

The Analysis Coordinator "fosters comparisons of results from different VLBI analysis

software packages and different analysis strategies, ..., ensures that IVS analysis and com-

bination products are archived and are available to the scientific community, and supervises

the formation of the official IVS products specified by the IVS Directing Board."99

For the purpose of avoiding unnecessary ambiguities in data level descriptions, the IVS

DB has resolved a "Nomenclature for data types and analysis steps" (IVS Resolution IVS-Res-

2019-02): "... This nomenclature consists of the following dividers: Level 0 Data is the raw
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digitized noise gathered at the radio telescopes. Consequently, the correlation process falls

under Level 0 Data Analysis. The output of this processing step are the fringe visibilities,

subsumed as Level 1 Data. The analysis steps needed to produce the observables phase

and group delays as well as their time derivatives, such as polarization combination and

fringe fitting of the visibilities including any other necessary analysis steps at this stage be

called Level 1 Data Analysis. The output is the Level 2 Data. The analysis steps working with

phase and group delays and their rates and resulting in geodetic parameters be called Level

2 Data Analysis. This also includes work on source imaging and source structure effects.

The results of this are geodetic and astrometric parameters forming Level 3 Data. The final

combination work of several Level 3 Data, e.g., from different analysis centers, is Level 3

Data Analysis."

For specific purposes, the IVS Directing Board also proposes and installs IVS Working

Groups18 (WG). These are established on the basis of a specific charter and have a limited

lifetime ending with the submission of a final report to be accepted by the DB. So far, seven

WGs had been installed and finalized.

WG 1 GPS Phase Center Mapping

WG 2: IVS Product Specification and Observing Programs

WG 3: VLBI2010

IERS/IVS WG: Second Realization of the ICRF

WG 4: VLBI Data Structures

WG 5: Space Science Applications

WG 6: Education and Training

WG 7: Satellite Observations with VLBI

WG 8: Galactic Aberration

WG3 laid the groundwork for the VLBI2010 investigations, now called the VGOS concept

with its new technology (Sec. 6). WG3 as well as WG7 have been converted to VGOS

Technical Committee and Committee on Education and Training, respectively.

IVS Committees19 are permanent organisational elements of the IVS handling specific

tasks in close cooperation with the IVS Directing Board, the Coordinators and the Coor-

dinating Center. The most important organisational entity within the IVS and below the

IVS DB is the Observing Program Committee (OPC). Every year, with support of the CC,

it prepares the IVS Master Schedule which determines the allocation of IVS resources into

18https://ivscc.gsfc.nasa.gov/about/wg/index.html
19https://ivscc.gsfc.nasa.gov/about/com/index.html
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IVS observing programmes and individual observing sessions. The OPC meets regularly

every month since imminent developments require timely responses. This also applies to

proposals to the IVS for special types of observing sessions. The fourth IVS Committee is

the Celestial Reference Frame Committee with emphasis on the continuous IVS astrometry

efforts.

The IVS currently has more than 80 permanent components supported by more than 40

institutions in about 20 countries. The permanent components and their functions within

the IVS are:

• 34 Network Stations: acquiring high performance VLBI data;

• 3 Operation Centers: coordinating the activities of specific networks of IVS radio tele-

scopes;

• 7 Correlators: processing the acquired data, providing feedback to the stations and

providing processed data to analysts;

• 3 Data Centers: distributing products to users, providing storage and archiving func-

tions; a mirroring function guarantees failsafe operations of the IVS;

• 30 Analysis Centers: analyzing the data and producing the results and products;

• 6 Technology Development Centers: developing new VLBI technology;

• 1 Coordinating Center: coordinating daily and long-term activities.

The observational network scheduled in the IVS observing plan comprises ∼30 network

stations plus ∼15 stations from astronomical networks such as the VLBA (Very Large Base-

line Array), the DSN (Deep Space Network), or the EVN (European VLBI Network), which

cooperate with the IVS. A master observing plan is prepared for each calendar year based

on the station time available for IVS observations. Some stations carry a high load of ob-

servations and are included in most of the observing sessions, while other stations can only

contribute to dedicated campaigns (Schlüter and Behrend, 2007). In 2021, there are three-

and-a-half 24-hour sessions and seven daily 1-hour intensive sessions carried out per week.

In other words, there are VLBI observations available for roughly 50% of the year.

The central hub(s) of the IVS data flow are the IVS Data Centers (Fig. 12.1). Here,

the observing schedules are stored for the observatories to retrieve them prior to the re-

spective date of the observing session. After the observation session has been completed,

the telescope data is transferred to a correlator center assigned for the correlation task in

the master schedule. For setting up the correlator control files, the observing schedule is

retrieved from the data centers as well. The results of the correlation and fringe fitting pro-

cess (Level 1 and Level 2 Data) are then stored at the data centers for the analysis centers to

retrieve them for their processing. The results again go back to the data centers in agreed-

upon formats. One of these formats is the so-called SINEX format (Solution Independent
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Exchange Format)20 This is used by the IVS Combination Center to produce a combined

solution for each observing session which is more robust against individual blunders and,

in most cases, produces better results than the individual ones.

Coordinating
Center

Centers

Correlator

Analysis

Combination
Center

Centers

Users (IERS)

Operations

Centers
Centers

Data

Figure 12.1: IVS Components with major data flow links (solid lines) and information ex-
change links (dashed lines)

.

12.4. Current Applications and Products

Under the umbrella of the IVS, geodetic and astrometric VLBI is being applied to furnish

a number of products. These are provided on a regular basis and stem from a continuous

monitoring program. VLBI data products currently available are the full set of Earth orien-

tation parameters, the terrestrial reference frame (TRF), and the celestial reference frame

(CRF), (see also Sec. 13). The IVS products can be defined in terms of their accuracy, re-

liability, frequency of observing sessions, temporal resolution of the estimated parameters,

time delay from observing to final product, and frequency of solutions. All VLBI data and

results in appropriate formats are archived in IVS Data Centers and are publicly available

for research in related areas of geodesy, geophysics, and astrometry. The IVS data set ex-

tends from 1979 to date with new results being made available with some latency needed

for the processing (Table 13.1).

20https://www.iers.org/IERS/EN/Organization/AnalysisCoordinator/SinexFormat/sinex.html
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More details of the IVS, in particular of the observing programme can be found in Schlüter

and Behrend (2007), Schuh and Behrend (2012), and Nothnagel et al. (2017) as well as

online at http://ivscc.gsfc.nasa.gov.
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13. Results

Session-wise results are of particular interest in the case of Earth orientation parameters.

Unique for VLBI are the results of the Earth’s phase of rotation UT1, which cannot be de-

termined with such a quality and time resolution with any other technique in particular

not with any satellite technique. The reason is that UT1 is directly correlated with the as-

cending nodes of any satellites’ orbits. The phase of rotation is reported as time difference

of UT1 – UTC. Formal errors are at the level of 2-3 µs for contemporary network sessions

while daily single baseline sessions of one hour duration only (so-called Intensives) provide

UT1–UTC with a standard deviation of about 8 -15 µs.

Figure 13.1: Results of UT1-UTC between two epochs where leap seconds were introduced.

Unique are also the estimated adjustments to the precession/nutation model. They are

accurate to about 80 µas and represent not so much inaccuracies in the precession/nutation

model but variations caused by free core nutation (Dehant and Mathews, 2015) which are

at the level of about 1 mas.

Daily polar motion estimates provide a reliable time series of the long term evolution of

polar motion (Fig. 13.2). Although the formal errors are slightly worse than those of the

IGS polar motion time series, they are needed for cross-validation.

Table 13.1: Synopsis of the main products of the IVS (based on Schlüter and Behrend
(2007)) and their specifications at the time of writing. Estimates for UT1−UTC
are determined on the basis of the 24-hour sessions as part of the full set of
five EOP parameters and on the basis of the 1-hour Intensive sessions for UT1
prediction purposes.

Polar motion UT1−UTC UT1−UTC Celestial pole
(xp, yp) 24-hr session Intensive (dX , dY )

Accuracy 50–80 µas 3–5 µs 15–20 µs 50 µas
Product delivery 8–10 days 8–10 days 1 day 8–10 days
Resolution 1 day 1 day 1 day 1 day
Frequency of solution ∼3 days/week ∼3 days/week daily ∼3 days/week

Telescope coordinates and their derivatives with respect to time, the so-called veloci-
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Figure 13.2: Long term polar motion.
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Table 13.2: TRF and CRF products of the IVS (based on Schlüter and Behrend 2007).
TRF CRF

(x , y , z) (α, δ)
Accuracy 5 mm 40–250 µas
Product delivery — 3 months
Resolution — —
Frequency of solution — 1 year

ties, are always estimated in geocentric Cartesian coordinates in the International Terres-

trial Reference System (Sec. 11.1.1). Since VLBI has six degrees of freedom (3 transla-

tions and 3 rotations), the datum always needs to be defined for any VLBI solution. Most

commonly existing coordinates and velocities tabulated in the International Terrestrial Ref-

erence Frame in its latest versions are used for this purpose. To avoid dependencies on

individual telescopes and their observing history and possible peculiarities, so called no-

net-rotation (NNR) and no-net-translation (NNT) conditions or constraints with respect to

this or any other reference frame are jointly applied to define the datum.

For many purposes it is convenient to express the VLBI results in local topocentric sys-

tems. This allows to investigate, for example, the quality of the results in the local vertical

direction which is always the component determined with less quality than the horizontal

components. For details on the x,y,z to Up, East, North components please see Sec. A.2

Baseline lenghts

From the time series of telescope coordinates, baseline lengths can be inferred. These

are independent of any datum and can conveniently be used for stability investigations.

One of the most prominent baseline is that between the 18 m telescope of MIT Haystack

Observatory near Westford (MA) at the East coast of the U.S. and the 20 m telescope of the

Bundesamt für Kartographie und Geodäsie and the Technische Universität München near

Wettzell, Germany (Fig. 13.3). It should be noted that the input to the time series is not

constrained in any way and still the approximation by a linear regression is extraordinarily

precise. Fig. 13.3 has been produced by a Web tool of the IVS under https://www.ccivs.bkg.

bund.de/index.php?uri=quarterly/baseline where plots of all VLBI time series of baseline

lengths are available interactively.

Results originating from VLBI global solutions guarantee consistency between parameters

estimated in the same solution setup. Standard parameters here are radio source positions,

which are being used in the construction of the ICRF (Charlot et al., 2020). Telescope

coordinates and velocities regularly enter the computations of the specific realizations of the

International Terrestrial Reference System (ITRS), the ITRF (Zuheir Altamimi et al., 2016;

Bachmann et al., 2016). The standard deviations of the coordinates of the most reliable

and often used telescopes are at the level of about 1 – 3 mm with velocity components
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Figure 13.3: Time series of baseline lengths between the Wettzell and Westford radio tele-
scopes with linear regression line.

having standard deviations of 0.1 mm/y.
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Appendices

A. Rotations

A.1. Fundamental rotations

Transformations of points, vectors or tripods are almost always accompanied by rotations.

For the correct application of the mathematical formulations, it is important to distinguish

between the purposes of the rotations. In many technical cases, rotations are applied to

a body, most easily represented by a vector, which will have a different orientation in the

rotated position. In such a case, the coordinate system remains the same and the rotations

are called Category 1 rotations.

In the second case, called Category 2, the object virtually remains fixed but the axes of the

system(s) are rotated. This case applies to transformations of coordinates from one system

to another. As we will see, there are fundamental differences between the two categories.

Any 3D-rotations can always be disassembled into three fundamental rotations around

the respective axes. Important is the definition of the signs of the rotation angles because it

determines how the rotation matrices below are set up. In mathematics, the rotations are

considered positive, if the rotation is clockwise as seen from the origin (Fig. A.1). As seen

along the axis towards the origin, these rotations are, of course, negative.

z

α

β

γ

y

x

γ

α

β

Figure A.1: Directions of fundamental rotations in a mathematical sense.

The rotation of any vector X in the x, y, z system around an angle is performed through
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the application of a rotation matrix R′∗ into a vector in the rotated system X ′ by

X ′ = R′∗ · X (A.1)

where "*" is an index with ∗ ∈ {1,2, 3} indicating around which axis the rotation is per-

formed. The rotation matrices R′∗ of any elementary rotations α around the 1-axis have

the form

R′1(α) =







1 0 0

0 cosα − sinα

0 sinα cosα






(A.2)

while for rotations around the 2- and 3-axis with β and γ, respectively, look very similar:

R′2(β) =







cosβ 0 sinβ

0 1 0

− sinβ 0 cosβ






(A.3)

R′3(γ) =







cosγ − sinγ 0

sinγ cosγ 0

0 0 1






(A.4)

The prime attached to the rotation matrix indicates that this is according to the mathemat-

ical convention. To Carry out a sequence of rotations around all three axes, the second and

third rotations are appended to Eq. A.1 "from the left" because the axes of the object move

with the rotations.

X ′ = R′3(γ) ·R′2(β) ·R′1(α) · X = R′(α,β ,γ) · X (A.5)

The rotation matrix R′ can also be composed a priori by the three rotation matrices. The

sequence of rotations in Eq. A.1 is only an example and may be different depending on the

application.

For Category 2 rotations, the concept is slightly different. Here, we rotate the axes. How-

ever, any point, e.g., represented by a position vector, remains at its original location. This

is the classical case of a coordinate transformation from x in the original system into x′ in

the rotated system. The rotations are now performed by the inverse or transposed rotation

matrices (R−1 = RT )

x′ = R′T3 (γ) ·R
′T
2 (β) ·R

′T
1 (α) · x= R′T (α,β ,γ) · x (A.6)

The three individual rotation matrices, which keep the initial sign convention of Eq. A.2,
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A.3, and A.4, are as follows

R′T1 (α) = R1(α) =







1 0 0

0 cosα sinα

0 − sinα cosα






(A.7)

R′T2 (β) = R2(β) =







cosβ 0 − sinβ

0 1 0

sinβ 0 cosβ






(A.8)

R′T3 (γ) = R3(γ) =







cosγ sinγ 0

− sinγ cosγ 0

0 0 1






(A.9)

The three rotation matrices in Eqs. A.7, A.8, and A.9 are now void of the prime and the

transposed symbol because these are the rotation matrices found in most astronomical text

books (e.g. Dehant and Mathews 2015) which mostly deal with coordinate transforma-

tions. Therefore, they are also used in the same way in this tutorial.

A.2. Rotations from geocentric into topocentric system

For many purposes it is convenient to express the VLBI results in local topocentric systems.

This allows to investigate, for example, the quality of the results in the local vertical direc-

tion. These topocentric systems normally are right hand systems defined with up, east and

north (U,E,N) components with the up component being the local vertical and the north

component pointing towards the north coordinate direction in the tangential plane onto

the Earth’s surface. The East axis completes the right hand system perpendicular to the

up-north plane. Due to the curvature of the Earth, the U,E,N representation is limited to

the close vicinity of the telescope. For this reason, a reference point needs to be defined

which most commonly is the point located at the reference coordinates (x0, y0, z0) of the

telescope. Displacements or velocity vectors (∆x , ∆y , ∆z or vx , vy , vz ) in the geocentric

system can then be converted to the local topocentric one by applying the respective rota-

tions in longitude λ and latitude φ. This is a Cathegory 2 rotation since the tripod of deltas

or velocities is a 3D vector in the xyz system which is kept fixed in its orientation. For the

transformations, the coordinate axes are rotated by λ and φ according to Eqs. A.9 and A.8.

The peculiarities of these rotations can best be described in two individual steps. We start

with the tripod of displacements (∆x ,∆y ,∆z) in an arbitrary telescope position (Fig. A.2).

For an intuitive visualisation of the derivation of the rotations, it is convenient to re-locate

this tripod to the intersection of the equator and the zero meridian. From here, we first

rotate the tripod around the 3-axis from the zero longitude to the longitude of the telescope

λ. By convention λ increases to the East which is counterclock-wise and thus positive in
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Figure A.2: Rotations of telescope displacements in geocentric system (∆x , ∆y , ∆z) into
local topocentric system (∆U(p), ∆N(or th), ∆E(ast)).

the convention of the rotation matrix (Eq. A.9). We can thus write







cosλ sinλ 0

− sinλ cosλ 0

0 0 1













∆x

∆y

∆z






=







∆x · cosλ+∆y · sinλ
−∆x · sinλ+∆y · cosλ

∆z






=







∆U ′

∆E′

∆N ′






. (A.10)

The second rotation around axis #2 with the latitude φ is clockwise and thus negative

in the convention of Eq. A.8 requiring a swap of the sign. This can either be done by

multiplying φ by −1 or by swapping the signs of the two sin elements in Eq. A.8 (identical

to a transposition). For the latter, we then find







cosφ 0 sinφ

0 1 0

− sinφ 0 cosφ













∆U ′

∆E′

∆N ′






=







(∆x · cosλ+∆y · sinλ) · cosφ +∆z · sinφ
−∆x · sinλ+∆y · cosλ

−(∆x · cosλ+∆y · sinλ) · sinφ +∆z · cosφ






=







∆U

∆E

∆N







(A.11)

From Eq. A.11 we can now also extract the pure composite rotation matrix by isolating

the ∆x , ∆y , and ∆z because we can use this for the computation of the formal errors of

the local components through variance propagation:

R(λ,φ) =







cosλ · cosφ sinλ · cosφ sinφ

− sinλ cosλ 0

− cosλ · sinφ − sinλ · sinφ cosφ






(A.12)
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However, before we come to this, on a sideline we briefly look at the direct multiplication

of the rotation matrices. Although the R3 rotation around λ is the first one to be applied

and the rotation R2 around φ comes second, the sequence is reversed, i.e., applied "from

the left", because the axes move with the rotations. Longitude λ and latitude φ are applied

as defined which is positive to the East and positive to the North, respectively (note the

"transposed" of the R2 matrix):

∆xU EN = RT
2 (φ) ·R3(λ) ·∆x x yz (A.13)

R(λ,φ) =







cosλ · cosφ sinλ · cosφ sinφ

− sinλ cosλ 0

− cosλ · sinφ − sinλ · sinφ cosφ






(A.14)

This is of course identical to the step-by-step derivation of Eq. A.12.

A.3. Error propagation from geocentric to topocentric rotations

As we have seen, the topocentric components ∆(U)p, ∆(E)ast, and ∆(N)or th, are not

readily available in least squares adjustments of VLBI observing sessions since the model

is normally represented in geocentric x,y,z coordinates. Hence, the variance/covariance

matrix is also expressed geocentrically. To investigate the topocentric components and

especially the vertical/up component and its correlations, the law of error propagation has

to be applied to the covariance matrix Q in the form (Koch, 1999):

QU EN = B ·Qx yz ·BT (A.15)

B is the matrix of partial derivatives with respect to the individual parameters or the so-

called design matrix (here we only display B for a single site, for all other sites this pattern

repeats):
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(A.16)

Since in different coordinate systems there are only interdependencies in the coordinate

components but not between other parameters, the design matrix can be simplified to read

(again for one site only):

B=
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�
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∂ U
∂ x
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∂ x

∂ N
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0 0 0 1 0
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0 0 0 0 1
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. (A.17)

with
∂ U
∂ x = cosφ cosλ, ∂ U

∂ y = cosφ sinλ, ∂ U
∂ z = sinφ

∂ E
∂ x = − sinλ, ∂ E

∂ y = cosλ, ∂ E
∂ z = 0

∂ N
∂ x = − sinφ cosλ, ∂ N

∂ y = − sinφ sinλ, ∂ N
∂ z = cosφ

(A.18)

The correlation coefficients ri j can then be computed from the rotated variance/covariance

matrix, i.e., from the main diagonal elements (standard deviations σU =
p

QUU , σE =
p

QEE and σN =
p

QNN ) and the corresponding off-diagonal elements, i.e., the covari-

ances Q i j:

ri j =
Q i j
Æ

Q ii ·Q j j
. (A.19)

A different route to the same result for the rotated covariance matrix is the derivation with

arrays. Here we start with the composed rotation matrix R(λ,φ) to be applied to the ∆x
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vector

∆xU EN = R(λ,φ) ·∆x x yz (A.20)

If we write the derivatives in vector form, we find that

∂∆xU EN

∂∆x x yz
=
∂ (R(λ,φ) ·∆x x yz)

∂∆x x yz
= R(λ,φ) (A.21)

This then simplifies the error propagation of Eq. A.15 to

QU EN = R(λ,φ) ·Qx yz ·RT (λ,φ) (A.22)

which is in perfect agreement with the individual partial derivatives in Eq. A.18.
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B. Parallactic angle

For compensating for feed rotation effects in phase delay or total phase solutions, the paral-

lactic angle ψRS is needed. It is the apparent orientation of the feed horn and is defined as

the angle between the celestial meridian of the radio source and the meridian of the source

in the topocentric (terrestrial telescope-centric) system (Thompson et al., 2007).

Celstial North Pole

Local Zenith

Equator

Local Horizon Celestial Meridian

N

A

Meridian
Local

Source
Radio

90 −Φ

ψ
RS

RS

Figure B.1: Parallactic angle ψRS at the intersection of the celestial and topocentric merid-
ians. Through the rotation of the local (blue) system eastward ψRS is negative
in this scenario, turning positive after the radio source has culminated.

Using Eq. 8.1 for determining the local Hour Angle hloc , Eq. 8.3 for the elevation of the

radio source above the local horizon ϵ, and Eq. 8.2 for the azimuth of the radio source as

seen from the telescope ARS , allows for two separate ways to compute the parallactic angle

ψRS . Through spherical trigonometry it can be derived that

sinψRS =
sin hloc

cosϵ
· cosΦ. (B.1)

or

sinψRS =
− sin ARS

cosδ
· cosΦ. (B.2)

Φ is the latitude of the telescope and δ the declination of the radio source.

As can be seen from Eq. B.1, ψRS is zero for observations along the local meridian be-

ing negative before the culmination and positive afterwards. This direction automatically

serves as the reference for applying corrections to the observed phase for feed rotations.
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C. Polarization of electromagnetic waves

C.1. General characteristics

Polarization is an important characteristic of electromagnetic waves at their origin but also

while travelling through media and through VLBI equipment. The phenomenon was first

studied and explained in the optical domain. However, the physical laws of optical wave-

lengths also apply in the microwave domain.

Electromagnetic waves are transversal waves. Polarization in general describes the plane

of the electric field in which a transverse wave propagates. Under the condition that the

electric field does not change its direction, the electric vector of a transmitted signal only

oscillates within the polarization plane (red curve in Fig. C.1). The plane of the magnetic

field, which is completely determined by the polarization of the electric field, is always

perpendicular to the electric field, and both are normal to the propagation direction. The

polarization of the magnetic field is determined by rotating the electric field 90◦ clock-wise

looking in the direction of the propagation.

Figure C.1: Magnetic field and perpendicular electric field (Verhoeven, 2017)
.

If there is only one plane, we speak of linear polarization. In geodetic and astrometric

VLBI, linear polarizations are important in the context of VGOS observations (see Sec. 6).

Depending on the chosen reference frame, we can define for example vertical linear polar-

ization (V ), horizontal linear polarization (H), or a plane with any position angle. In the

latter case, two perpendicular planes can be named X and Y . The naming depends on the

chosen convention.

If we consider the electromagnetic radiation of natural radio sources, it consists of many

concurrent wave trains. Here, the dominant electric field plane changes quickly and ran-

domly. Then the wave is said to be unpolarized. The degree of polarization describes how

much of the radiation follows a certain polarization plane. This is a statistical property of

the aggregate wave trains.
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Besides linear polarization, VLBI makes use of circular polarization. This type of polar-

ization has been employed in the legacy style observations since the early days of VLBI in

order to guarantee identical polarization at any telescope on Earth. Circular polarization

originates from the fact that the electric vector of a transmitted signal traces the form of a

circle (Thompson et al., 2007). Here, the magnitude of the vector is constant as is the angu-

lar velocity. Circular polarization can also be seen as the superposition of two perpendicular

linearly polarized waves with the same frequency but with a constant phase difference of

90◦. Depending on whether the phase shift is negative (-90◦) or positive (90◦), we speak of

a right hand circular polarization (RCP) or a left hand circular polarization (LCP), respec-

tively. If there is a phase offset between the two perpendicular sinusoidal waves, which is

not (-90◦) or (90◦), the more general form is an elliptical polarization.

The polarization in VLBI first of all describes how a wave is received at the radio telescope

and its receiving components such as the main and possibly sub-reflectors, the feed horn

and the de-couplers. Of course the intrinsic polarization of emission from a radio source

depends on its synchroton radiation and the magnetic field within the source. Synchroton

radiation is caused by high-energy electrons in magnetic fields radiating as a result of their

orbital motion (Thompson et al., 2007). Most compact extra-galactic radio sources, which

we use in geodetic and astrometric VLBI, appear unpolarized with our synthesized resolu-

tion, which may be causing "beam smearing" of the polarization (If we had much higher

resolutions, we might eventually detect polarization). The randomness allows to configure

our VLBI equipment to receive only special polarization components such as linearly or

circularly polarized radiation.

Astronomers, in a sub-field called polarimetry, are interested in radio sources with a

non-zero state of polarization, which shows as non-zero cross-correlations between the or-

thogonal polarization components (X/Y, H/V or RCP/LCP)(I. Martí-Vidal, pers. comm.)

since these help to explain physical phenomena and morphology of these sources. The dif-

ficulties caused by the fact, that telescopes separated by long baselines see the same source

with a different and constantly changing orientation with respect to the telescope’s axes,

are overcome by employing dual circular polarization receivers (LCP and RCP). The com-

bination of the two signals can be used to answer questions such as how much radiation

is polarized vs. unpolarized, how much polarization is circular and in which direction, or

whether there is distinct linear polarization and at what strength and orientation (Thomp-

son et al., 2007). These questions can be answered through the use of the so-called Stokes

parameters (Stokes (1852), see below).

In the context of propagation of the radiation from the source to the receiver, we should

also mention Faraday rotation. Faraday detected that the plane of polarization rotates in

a magnetic field. Here, the amount of rotation is proportional to the magnetic flux den-

sity, electron density (integrated along the path length) and the square of the wavelength.

Hence, the detection of Faraday rotation from a source allows astronomers to probe the

magneto-ionic medium (plasma with a magnetic field) in the emitting source providing

163



C POLARIZATION OF ELECTROMAGNETIC WAVES

a very important source of astrophysical information. However, Faraday rotation also oc-

curs in the medium located within the line of sight to the Earth which includes the Earth’s

ionosphere.

C.2. Mathematical formulations

In mathematical terms, the electric field E of a monochromatic transverse wave within a

plane wave front in the direction of a unit vector â (Fig. C.2) can be described as (Burke

et al., 2019)

E (x , y) = âE0 cos [2π(νt − kz) +φ0] (C.1)

where the wave front propagates in the z direction with inverse wavelength k = 1/λ,

frequency ν and phase offset φ0. E0 is the amplitude of the electric field. In the complex

form

E (x , y) = âE0 ei 2π(νt−kz) (C.2)

the electric field E′ now contains the phase information. The polarization direction is de-

fined by the behavior of â. If it has a constant orientation, as it is assumed in this derivation,

the wave is linearly polarized (Burke et al., 2019).

E

B

z

x

a

y

Figure C.2: Electric field and magnetic field of a linearly polarized wave. z is in the propa-
gation direction. The plane wave front is orthogonal to z. Adapted from Burke
et al., 2019

.

Since natural radio sources generally exhibit polarizations other than linear, Eq. C.2 can

be expanded to the more general form with two separate complex amplitudes Ex and Ey

together with the two components of x̂ and ŷ, where x and y then depend on z and t, as

E (z, t) = (x̂Ex + ŷEy) e
i 2π(νt−kz) (C.3)
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with the phases entered explicitly

Ex = |Ex |eiφx , Ey = |Ey |eiφy (C.4)

In the context of VGOS broadband observations, a feed horn of a single telescope re-

ceives two perpendicular linear polarization planes which represent two linearly polarized

elements of the radiation. The receivers then detect the squared amplitudes E2
x and E2

y . Fol-

lowing Stokes (1852), who developed the mathematical description of polarization states

in the optical domain, the sum of the two outputs yields

E2
0 = I = E2

x (t) + E
2
y (t) (C.5)

generally called the Stokes parameter I . Since extra-galactic radio sources chosen for

geodetic and astrometric VLBI initially exhibit variable states of polarization, the Stokes

Iν parameter needs to be expanded with a frequency dependent time average denoted by

〈〉 (Burke et al., 2019)

Iν = 〈E2
x (t) + E

2
y (t)〉 (C.6)

The same also applies for the other three parameters Q, U, and V which Stokes defined to

entirely describe the polarization state of an ensemble of wave trains within the emission

of a broadband source

Qν = 〈E 2
x (t)−E

2
y (t)〉 (C.7)

Uν = 〈2Ex(t)Ey(t) cos∆φ〉 (C.8)

Vν = 〈2Ex(t)Ey(t) sin∆φ〉 (C.9)

with ∆φ = φ1−φ2 which is the phase difference between the two oscillating components

x and y .

In radio astronomy, the components of the electric field can be represented by time-

varying complex amplitudes ex(t), ey(t) (Hamaker and Bregman, 1996) leading to

Iν = 〈|ex |2(t) + |ey |2(t)〉 (C.10)

Qν = 〈|ex |2(t)− |ey |2(t)〉 (C.11)

Uν = 〈2|ex |(t) |ey |(t) cos∆φ〉 (C.12)

Vν = 〈2|ex |(t) |ey |(t) sin∆φ〉 (C.13)

I is a measure of the total intensity of the wave, Q and U are the two linearly polarizend

components while V is the circularly polarized component. The degrees of linear, circular

and total polarization can be computed by the fractional relationships of these parameters

(Thompson et al., 2007).

It should be noted that these equations only hold for single-dish cases (and/or interfer-
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ometers with very short baselines). In the more general VLBI case, the Stokes parameters

IQUV need to be related to visibilities (XX, XY, YX and YY) via matrices in the Radio Inter-

ferometer Measurement Equation (RIME, Hamaker et al. (1996), see below) that would

account for the parallactic angles and polarization impurities of the different telescopes

(among other effects). Consequently, we have to distinguish between the Stokes parame-

ters, which are total quantities integrated over the angular extend of a source, and Stokes

visibilities, which are interferometric quantities that depend on the location in the u, v

plane.

C.3. Re-combination of polarized data

The (re-)combination of the observations of the two polarizations to the initial power dis-

tribution of the radio source’s emission would only require forming the two combinations

of X(1)X(2) and Y(1)Y(2). However, this would necessitate that (a) the polarization planes

of the two telescopes are identical, (b) the position angle between the polarization planes

of the two telescopes does not change during a scan and (c) that there are no polarization

impurities. Since these conditions can hardly be fulfilled with existing equipment, other

methods need to be found. The first step always is that a correlation process is set up for

each of the possible combinations of X(1)X(2), X(1)Y(2), Y(1)X(2), and Y(1)Y(2). The respective

cross-power spectra need to be combined before fringe fitting can be done properly. Two

ways of handling the problem have been published so far. In both cases, the combination

of all products is performed with the visibilities of all cross products resulting in a single

array of visibilities which represent the total intensity distribution of quasi polarization-free

observations.

C.3.1. Pseudo Stokes-I

In the fourfit program of HOPS, a linear combination of pseudo-circular parallel-hands is

applied which is proportional to the Stokes I quantity (Corey 2006, Rev. 2012.01.11 and

addendum). The background is that the Stokes I visibility is assumed to be similar to

the (total, not interferometric) Stokes I parameter, which is the sum of intensities for two

orthogonal polarizations. When, for a start, gain factors and D terms are neglected, the

sum of two parallel-hands cross-correlation products should yield X(1) · X(2)+ Y(1) · Y(2) = I

when the parallatic angle difference is zero.

For a more detailed explanation, the output of an imperfect linear feed is the sum of

perfect and corrupted responses of the x and y planes

ex = x
′
= x + Dx y (C.14)

ey = y
′
= y + Dy x (C.15)

D represents the (complex) fractional response to the undesired polarization (D-term).
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Then, the basis of the so-called Pseudo Stokes-I approach introduced by Cappallo (2016)

is the construction of pseudo-circular visibilities for right-right and left-left circular polar-

izations (Corey, 2006) which are defined as

RR = 〈(x
′

(1)/Gx(1) + i y
′

(1)/Gy(1))(x
′

(2)/Gx(2) + i y
′

(2)/Gy(2))
∗〉

= [(I+V)−
i
2

I (−Dx(1) + Dy(1) + D∗x(2) − D∗y(2))]e
−i(ψ(2)−ψ(1)) (C.16)

LL = 〈(x
′

(1)/Gx(1) − i y
′

(1)/Gy(1))(x
′

(2)/Gx(2) − i y
′

(2)/Gy(2))
∗〉

= [(I−V) +
i
2

I (−Dx(1) + Dy(1) + D∗x(2) − D∗y(2))]e
+i(ψ(2)−ψ(1)) (C.17)

The first lines of these equations represent the implicit transformation from linear to cir-

cular polarization through a complex formulation (see also Eq. C.21). The second lines

follow Eq. C.26 plus complex correction terms for the respective telescope-dependent lin-

ear component D-terms. However, this is correct only if second-order products of D-terms

and products of a D-term times Q, U, or V are neglected (Corey, priv. comm.). The G are

the respective gains of the individual polarization planes while the ψ(i) are the parallactic

angles (see Appendix B). ∗ means complex conjugate.

If we now multiply the second expressions of Eqs. C.16 and C.17 with e+i(ψ(2)−ψ(1)) and

e−i(ψ(2)−ψ(1)), respectively, and add the two equations, we find that

I=
1
2

�

RR e+i(ψ(2)−ψ(1)) + LL e−i(ψ(2)−ψ(1))
�

(C.18)

In the next step, we take the first lines of Eqs. C.16 and C.17, introduce them in Eq. C.18,

do the complex multiplications, and take the average gains as constants.

I =





〈x
′

(1)x
′∗
(2)〉

Gx(1)G
∗
x(2)

+
〈y
′

(1) y
′∗
(2)〉

Gy(1)G
∗
y(2)



 · cos(ψ(2) −ψ(1)) (C.19)

+





〈x
′

(1) y
′∗
(2)〉

Gx(1)G
∗
y(2)

−
〈y
′

(1)x
′∗
(2)〉

Gy(1)G
∗
x(2)



 · sin(ψ(2) −ψ(1))

The factor 1/2 disappears because the cross products appear twice in the linear combina-

tion. Through the sine and cosine factors, the linear cross products are weighted relatively

depending on the difference in parallactic angle (Corey, 2006).

In Cappallo (2016), the individual interferometric Pseudo Stokes-I visibility processed in

the fourfit software is cited without the gain normalization:

I = (〈X(1)X(2)〉+ 〈Y(1)Y(2)〉) cos∆ψRS + (〈X(1)Y(2)〉 − 〈Y(1)X(2)〉) sin∆ψRS (C.20)

∆ψRS is the difference in the parallactic angle (see Appendix B). The reason for the omission

of the G’s is that at the times of the development of the software, there was no way of
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estimating the gain ratios Gx(1)/Gy(1) and Gx(2)/Gy(2) (Corey, priv. comm.) and they had

to be assumed to be unity. Any small deviation from this assumption affects the group delay

only by a negligible amount except in very rare extreme cases. In contrast to this, the phase

differences in the phase arguments of Gx(1)/Gy(1) and Gx(2)/Gy(2) are taken into account

(the difference of the fourfit parameters pc_delay_x and pc_delay_y gives the frequency

dependence, and the difference of pc_phase_offset_x and pc_phase_offset_x gives the phase

offset at the fourfit reference frequency) (B. Corey, priv. comm.). This is done in an iterative

process to determine and compensate for an y-x polarization delay and the respective phase

offset21. Other than the standard phase calibration (phasecal) no further calibrations are

applied to the visibility data before fringe fitting.

The calibrations are done for each sub-band/channel individually. Summing up the four

contributions after phase calibration then provides the total intensity in the form a single

set of complex visibilities for each sub-band or channel which is then used as input for the

fringe fitting process (Sec. 10.5).

C.3.2. PolConvert

In support of observations of the Atacama Large Mm Array (ALMA), Martí-Vidal, I. et al.

(2016) started to develop tools for the reduction of interferometric data from telescopes

with linear and circular polarization receivers called PolConvert which makes use of the

RIME formalisms (Hamaker et al., 1996; Smirnov, 2011). The method chosen is based on

converting the linear polarization data to circular polarization data first with the electric

field relationships (Martí-Vidal, I. et al., 2016)

eR =
1
p

2
(ex − i ey) and eL =

1
p

2
(ex + i ey) (C.21)

Although this looks straight forward, phase-gain differences and amplitude-gain ratios be-

tween the two linear polarization channels of each antenna have to be applied to correct

for imbalances. The numbers need to be determined beforehand with a strong calibrator

source in a global cross-polarization fringe fitting algorithm which is implemented in the

PolConvert software and which was applied to VGOS data by Alef et al. (2019).

If we assume that the voltages received at the two telescopes v(1) and v(2) are linear with

respect to E , the voltages formally refer to the electric field through

v=

�

v(1)

v(2)

�

= J

�

e(1)

e(2)

�

(C.22)

J is the total Jones matrix comprising all propagation effects including any instrumental

effects (Smirnov, 2011).

On the other hand, the four correlation products mentioned above compose the VLBI

21https://www.haystack.mit.edu/wp-content/uploads/2020/07/docs_hops_000_vgos-data-processing.pdf
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C POLARIZATION OF ELECTROMAGNETIC WAVES

visibility matrix V

V(1)(2) =

�

〈v(1)p v(2)∗p 〉 〈v
(1)
p v(2)∗q 〉

〈v(1)q v(2)∗p 〉 〈v
(1)
q v(2)∗q 〉

�

(C.23)

with p and q either being two linear (e.g., p = X and q = Y) or two circular (e.g., p = R

and q = L) polarization components although mixed modes are also possible. The Fourier

transform of V would directly be the brightness distribution matrix B if no source, media or

instrumental polarization effects existed (J= Id = identity matrix). Since this assumption

is only of hypothetical nature, calibrations for the two telescopes need to be applied so

that22
∫

Ω

B(Ω⃗) · ex p

�

2πi
B⃗Ω⃗
λ

�

dΩ⃗= J−1
(1)V

LR
(1)(2)(J

H
(2))
−1 (C.24)

Ω is the angular area of the radio source, B is the brightness distribution depending on the

solid angle on the sky, while the exponential function is the kernel of the Fourier transform

depending on the baseline vector B⃗ and the angular position of the source Ω⃗. V LR
(1)(2) now is

the visibilty matrix in the circular polarization domain. H represent the conjugate transpose

operation, also called Hermitian transposition (Smirnov, 2011).

For a single telescope, the Jones matrix J contains the calibrations for gain G, D-Terms

(polarization impurities) D and feed angle in the frame of the source P (Martí-Vidal et al.,

2021)

J(i) = G(i)D(i)P(i) =

�

G(i)R 0

0 G(i)L

��

1 D(i)R

D(i)L 1

��

e(iφ(i)) 0

0 e(−iφ(i))

�

(C.25)

The Jones matrix in Eq. C.22, which has to be composed for both telescopes together, also

needs to take into account the group delay effect. Obviously, the determination of the

individual contributions requires assessment of the brightness distribution matrix B in Eq.

C.24 and is an iterative process.

The calibration of the visibility matrix is the very purpose of the PolConvert procedures

in the context of VGOS observations. It requires the use of calibrator sources to decouple

the individual effects. Furthermore, Earth rotation is needed to separate between source-

related effects and those on Earth such as polarization leakage in the receiver.

Although PolConvert requires a more complex handling of the data than Fourfit, it pro-

vides advantages (I. Martí-Vidal, priv. comm.):

1. It accounts for both, phase and amplitude effects in X and Y, which improves the

polarization purity of the visibilities.

2. Faraday rotation (even the one due to the Earth’s magnetic field at the ionosphere)

becomes a pure phase effect (which is easy to calibrate).

3. PolConvert provides all four Stokes parameters. The brightness distribution of all

22https://www.youtube.com/watch?v=J_oXou6QGpI
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C POLARIZATION OF ELECTROMAGNETIC WAVES

four Stokes parameters (I(α,δ), Q(α,δ), U(α,δ), and V (α,δ)) are embedded in the

brightness matrix B which in turn is proportional to the visibility matrix V with

V(1)(2) =

�

〈R(1)R(2)∗〉 〈R(1)L(2)∗〉
〈L(1)R(2)∗〉 〈L(1)L(2)∗〉

�

∝ B=

�

I+V Q+ iU

Q− iU I−V

�

(C.26)

(Burke et al. (2019), see also Eq. C.24). This relationship is very useful for astronomy,

in particular polarimetry, but could eventually be useful for Geodesy as well. For

example, possible position changes in the source brightness peaks, due to ejections of

new plasmoids in the AGN jets, which usually appear polarized, can be investigated.

Finally, after calibration, the converted circular polarized visibility data can be fed into

any fringe fitting program such as fourfit.
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D. Datum transformation parameters for the minimum
case

Let us assume that we have two sets of telescope coordinates, a new one and an old (con-

ventional) one, in which we want to transform the new one. We also assume that we do

not want to question the scale parameter m between these two sets of coordinates. For this

application, as a minimum we first need to identify three telescopes with good coordinates.

From these, we select six components, 3 components of one telescope, 2 components of

another telescope, and 1 component from yet another telescope. These six components in

both frames serve as transfer information between the two frames.

To recall, the similarity transformation (Helmert transformation) excluding the scale pa-

rameter needs 6 parameters, i.e., the three translation parameters x0, y0, z0, and the three

rotation parameters rx , ry , rz . The x̃ (i), ỹ(i), and z̃(i) (x̃) are the coordinate components of

the target data set (conventional reference frame) onto which the VLBI configuration (x (i),

y(i), and z(i)) (x) will be mapped. The simplified Helmert transformation (cf. Eq. 11.179)

without scale parameter was







x̃ (i)

ỹ(i)

z̃(i)






=







1 −rz ry

rz 1 −rx

−ry rx 1






·







x (i)

y(i)

z(i)






+







x0

y0

z0






(D.1)

In the same way as in Sec. 11.8.5, we can re-order this set of equations isolating the

transformation parameters. With the first three lines of Eq. D.2 for the three components

of telescope (1), lines 4 and 5 of telescopes (2) and line 6 for the z component of telescope

(3), we gain the observation equations for a direct solution of the problem:





















∆x (1)

∆y(1)

∆z(1)

∆x (2)

∆y(2)

∆z(3)





















=





















x (1) − x̃ (1)

y(1) − ỹ(1)

z(1) − z̃(1)

x (2) − x̃ (2)

y(2) − ỹ(2)

z(3) − z̃(3)





















=





















1 0 0 0 z̃(1) − ỹ(1)

0 1 0 −z̃(1) 0 x̃ (1)

0 0 1 ỹ(1) − x̃ (1) 0

1 0 0 0 z̃(2) − ỹ(2)

0 1 0 −z̃(2) 0 x̃ (2)

0 0 1 ỹ(3) − x̃ (3) 0





















·





















x0

y0

z0

rx

ry

rz





















(D.2)

Having determined the parameters x0, y0, z0, rx , ry , and rz , we can transform all coordi-

nate components of the VLBI frame into those of the target (conventional) frame applying

Eq. D.1. The determination and application of the transformation parameters to all re-

maining coordinate components leaves the configuration as it was initially.

In a similar way, we can treat velocity components of datum transfer telescopes. However,

here the a priori information should not just be taken in the global geocentric x, y, z frame. It

may be advisable to use horizontal and vertical a priori information, e.g., from a geophysical

velocity model and transform this to geocentric components beforehand.
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E. Derivation of NNR formulation for radio source
positions

For the formulation of the NNR condition/constraint equations, we have to perform the

vector product ki × ∆ki . As described in Sec. 11.9.3, the cross product in component

writing with right ascensions α̃i and declinations δ̃i of the reference or target frame and

their residuals or adjustments with respect to the original VLBI positions ∆α and ∆δ in

angular dimensions reads

ki ×∆ki =







cos α̃i cos δ̃i

sin α̃i cos δ̃i

sin δ̃i






×







cos(α̃i +∆α) cos(δ̃i +∆δ)− cos α̃i cos δ̃i

sin(α̃i +∆α) cos(δ̃i +∆δ)− sin α̃i cos δ̃i

sin(δ̃i +∆δ)− sin δ̃i






(E.1)

For saving space, we now omit the indices i and, in a first step, apply trigonometric functions

to the angular sums in ∆km for the three lines m = 1, 2, 3

∆k1 = cos(α̃+∆α) cos(δ̃+∆δ)− cos α̃ cos δ̃

= (cos α̃ cos∆α− sin α̃ sin∆α) · (cos δ̃ cos∆δ− sin δ̃ sin∆δ)− cos α̃ cos δ̃

= cos α̃ cos∆α cos δ̃ cos∆δ− cos α̃ cos∆α sin δ̃ sin∆δ

− sin α̃ sin∆α cos δ̃ cos∆δ+ sin α̃ sin∆α sin δ̃ sin∆δ

− cos α̃ cos δ̃

(E.2)

Since the adjustments∆α and∆δ are small (< 10−8), and∆α ·∆δ is even smaller, we can

first replace sinα/δ = α/δ and cosα/δ = 1 and then sum up all elements to

∆k1 = − cos α̃ sin δ̃∆δ− sin α̃ cos δ̃∆α+ sin α̃ sin δ̃∆α∆δ

= − cos α̃ sin δ̃∆δ− sin α̃ cos δ̃∆α
(E.3)

Then we do the same for the other two lines:

∆k2 = sin(α̃+∆α) cos(δ̃+∆δ)− sin α̃ cos δ̃

= (sin α̃ cos∆α+ cos α̃ sin∆α) · (cos δ̃ cos∆δ− sin δ̃ sin∆δ)− sin α̃ cos δ̃

= sin α̃ cos∆α cos δ̃ cos∆δ− sin α̃ cos∆α sin δ̃ sin∆δ

+ cos α̃ sin∆α cos δ̃ cos∆δ− cos α̃ sin∆α sin δ̃ sin∆δ

− sin α̃ cos δ̃

= − sin α̃ sin δ̃∆δ+ cos α̃ cos δ̃∆α− cos α̃ sin δ̃∆α∆δ

= − sin α̃ sin δ̃∆δ+ cos α̃ cos δ̃∆α

(E.4)

∆k3 = sin(δ̃+∆δ)− sin δ̃

= sin δ̃ cos∆δ+ cos δ̃ sin∆δ− sin δ̃

= cos δ̃∆δ

(E.5)
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Next comes the vector product with the pre-processed ∆k vector elements

k×∆k=







cos α̃ cos δ̃

sin α̃ cos δ̃

sin δ̃






×







− cos α̃ sin δ̃∆δ− sin α̃ cos δ̃∆α

− sin α̃ sin δ̃∆δ+ cos α̃ cos δ̃∆α

cos δ̃∆δ






(E.6)

(k×∆k)1 = sin α̃ cos δ̃ cos δ̃∆δ− sin δ̃(− sin α̃ sin δ̃∆δ+ cos α̃ cos δ̃∆α)

= sin α̃ cos2 δ̃∆δ+ sin α̃ sin2 δ̃∆δ− cos α̃ sin δ̃ cos δ̃∆α)

= (cos2 δ̃+ sin2 δ̃) sin α̃∆δ− cos α̃ sin δ̃ cos δ̃∆α

= sin α̃∆δ− cos α̃ sin δ̃ cos δ̃∆α

(E.7)

(k×∆k)2 = sin δ̃(− cos α̃ sin δ̃∆δ− sin α̃ cos δ̃∆α)− cos α̃ cos δ̃ cos δ̃∆δ

= − sin α̃ sin δ̃ cos δ̃∆α− cos α̃ sin2 δ̃∆δ− cos α̃ cos2 δ̃∆δ

= − sin α̃ sin δ̃ cos δ̃∆α− (sin2 δ̃+ cos2 δ̃) cos α̃∆δ

= − sin α̃ sin δ̃ cos δ̃∆α− cos α̃∆δ

(E.8)

(k×∆k)3 = cos α̃ cos δ̃(− sin α̃ sin δ̃∆δ+ cos α̃ cos δ̃∆α)

− sin α̃ cos δ̃(− cos α̃ sin δ̃∆δ− sin α̃ cos δ̃∆α)

= − sin α̃ cos α̃ sin δ̃ cos δ̃∆δ+ cos2 α̃ cos2 δ̃∆α+ sin2 α̃ cos2 δ̃∆α+ sin α̃ cos α̃ sin δ̃ cos δ̃∆δ

= (sin2 α̃+ cos2 α̃) cos2 δ̃∆α

= cos2 δ̃∆α

(E.9)
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